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Abstract

In this paper the problem of the convergence of the Baker—Campbell-Hausdorff series for
Z = log(eXeY) is revisited. We collect some previous results about the convergence domain
and present a new estimate which improves all of them. We also provide a new expression
of the truncated Lie presentation of the series up to sixth degree in X and Y requiring the
minimum number of commutators. Numerical experiments suggest that a similar accuracy is
reached with this approximation at a considerably reduced computational cost.
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1. Introduction

Let X and Y be non-commutative indeterminates. By introducing the formal
series for the exponential function
=1
e¥el = ——X Py
Sz Pl
and substituting this series in the formal series defining the logarithm function

o 1yk—1
log Z = Z %(z — Dk
k=1
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we obtain
o k—1
—1 XPLY4q1 ... XPkydk
log(eXeY) = Z D
=k pilgi! - prlqr!
where the inner summation extends over all non-negative integers p1, q1, - - -, Pk, Gk

for which p; +¢; >0 (i =1,2,..., k). Gathering together the terms for which
p1+q1+ p2+g2+ -+ pk + g = m we can write

o
Z =log(e¥e’) = Y Pu(X.Y), (1)
m=1
where P, (X, Y) is a homogeneous polynomial of degree m in the non-commuting
variables X and Y.

The Baker—Campbell-Hausdorff (BCH) theorem asserts that every polynomial
P, (X, Y)in (1) 1is a Lie polynomial, namely it can be expressed in terms of X and Y
by addition, multiplication by rational numbers and nested commutators. As usual,
the commutator [X, Y] is defined as XY — Y X. As is well known, this theorem
proves to be very useful in various fields of mathematics (theory of linear differential
equations [14], Lie group theory [9], numerical analysis [10]) and theoretical phys-
ics (perturbation theory, transformation theory, quantum mechanics and statistical
mechanics [13,28]). In particular, in the theory of Lie groups, with this theorem
one can explicitly write the operation of multiplication in a Lie group in canonical
coordinates in terms of the Lie bracket operation in its tangent algebra and also prove
the existence of a local Lie group with a given Lie algebra [9].

If [ is any field of characteristic zero, let us denote by K(X, Y the associative
algebra of polynomials in the non-commuting variables X and Y [22]. With the op-
eration X, Y — [X, Y] one can introduce a commutator Lie algebra [K(X, Y)] in
a natural way. Then, in [K(X, Y)], the set of all Lie polynomials in X and Y (i.e., all
possible expressions obtained from X, Y by addition, multiplication by numbers and
the Lie operation [a, b] = ab — ba) forms a subalgebra # (X, Y), which in fact is a
free Lie algebra with generators X, Y [22]. With this notation, the BCH theorem can
be formulated as four statements, each one more stringent than the preceding [27].
Specifically,

(A) The equation eXe? = e” has a solution Z in (X, Y).

(B) The solution Z lies in £ (X, Y).

(C) The exponent Z is an analytic function of X and Y.

(D) The exponent Z can be computed by a series
ZX,Y)=uX,Y)+ 22X Y)+---

where every polynomial z,(X, Y) € Z(X,Y).

In particular Dynkin derived an explicit formula for Z as a series of iterated com-
mutators as
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o
—_1)k-1 XPrydr ... xXPkydx
z=y e L @
k=1 pigi (Zi=1(pi +41i)) pilqi!- - prlqr!

where the inner summation is taken over all non-negative integers p1, q1, . - -, Pk, Gk
such that p; +¢1 > 0, ..., px +gx > Oand [XP'Y9 ... XPkY 9] denotes the right
nested commutator based on the word XP1 Y49l ... XPkYdk [7]. This series is called
the BCH formula in the Dynkin form.

In [27] the question of the global validity of the BCH theorem is analyzed in de-
tail. It is shown that, whereas statement (A) is never in doubt, statements
(B)—(D) are only globally valid in a free Lie algebra. Thus, in particular, if X and
Y are elements of a normed algebra, the resulting series of normed elements is not
guaranteed to converge out of a neighborhood of zero, and therefore cannot be used
to compute Z in the large.

There are various statements in the literature concerning the size of this conver-
gence domain depending on the presentation used [23]. It is our purpose to review
some of the results published and, by deriving a new recursion procedure for cal-
culating the terms of the series, obtain a larger domain of convergence of the BCH
formula.

It is perhaps less known the role the BCH formula plays in the numerical treatment
of differential equations on manifolds [11], a branch of numerical analysis which
has received considerable attention during the last few years [10]. If ./ is a smooth
manifold and X(.#) denotes the linear space of smooth vector fields on .#, then a
Lie algebra structure can be established in X(.#) by using the Lie bracket [X, Y]
of fields X and Y. In terms of coordinates x', ..., x%, the components of the field
[X,Y]are

S N> ¢
i_ J _yJ
[X,Y] _]Z_;<X 7Y axJ‘)'

It follows from the BCH theorem that for any vector fields (linear differential oper-
ators) X, Y € X(.) every operator P, (X, Y) belongs to the Lie algebra X(.#) and
also log(eXe") if the corresponding series converges.

The flow of a vector field X € X(.#) is a mapping exp(X) defined through the
solution of the differential equation

u'=X@w), u@0=p

as exp(X)(p) = u(1). Many numerical methods used to solve differential equations
on manifolds are based on compositions of maps that are flows of vector fields. Thus
it is important to determine the set of all possible flows that can be obtained by
composing a given set of basic flows. In this context the BCH formula provides a
useful approach in the construction and analysis of such methods, particularly in
the problem of obtaining the order conditions of composition and splitting methods
[10]. Typically the vector fields X; whose flows are to be composed by this class of
algorithms depend on a step size / in such a way that X; = 0(h?) as h — 0, with
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g; = 1. Then it is clear that [X;, X;] = ()(h94j), When the composition method
has order p all terms in the BCH formula which are ¢/(h”*!) can safely be discarded.
This has to be done in an efficient way, as well as reducing the total number of Lie
brackets involved.

This problem is also addressed in this paper. In particular we get expressions for
zm (X, Y), m < 6, involving the minimum number of commutators and we analyze
on some numerical examples the main features of this optimized formulation.

2. Convergence of the BCH formula

In this section we collect various estimates appeared in the literature for the con-
vergent domain of the series Z = log(eXe”). We consider an arbitrary finite-dimen-
sional matrix Lie algebra g such that X, Y € g. If G is the Lie group corresponding
to the Lie algebra g then the exponential map exp : ¢ — G is the usual exponential
matrix.

2.1. Direct estimates

The first group of results are obtained by considering different explicit presenta-
tions of Z and majorizing the terms of the corresponding series.
(a) The associative presentation. Z has a unique presentation in the form [8]

Z=X+Y+) > guw 3)

n=2w,|w|=n
in which w denotes a word in the symbols X and Y (i.e., w = wjw; ... w,, each w;
being X or Y), g, is a rational coefficient and the inner sum is taken over all words
w with length |w| = n. Here the length of w is the number of letters it contains. The
coefficients can be computed with a recursive procedure due to Goldberg [8].
If g is a complete normed Lie algebra with a norm compatible with associative
multiplication, i.e., such that
XY < IXIIY “)

for all X, Y in g, then

Theorem 2.1 [24]. The associative series (3) for Z = log(eX e?) converges abso-
lutely if | X|| < land || Y| < 1.

(b) Lie presentation of Z in the Dynkin form. When one chooses a norm in g and
anumber u > 0 such that

10X, YT < wll XY &)
for all X, Y in g, then the following bound is obtained.
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Theorem 2.2 [3, 7]. The domain of absolute convergence of the infinite series (2)
contains the open set

1
C= {(X, Y)egxg: [ X[+ IY] < ;logZ}'

(c) Lie presentation of Z in the Goldberg form. In virtue of Dynkin’s theorem
[22], series (3) can be written as

Z=X4v 4 Y gulul ©)
n=2

w,|w|=n

that is, the individual terms are the same as in the associative series (3) except
that the word w = wyws ... w, is replaced with the right nested commutator [w] =
[wy, [wa, ... [w,—1, w,]...]] and the coefficient g, is divided by the word length.

Theorem 2.3 [24, 20]. With a norm satisfying condition (5), the Lie presentation
(6) for Z based on the Goldberg coefficients converges absolutely provided that
IXI < Land y) < L.

Remark. Of course, for a norm in g satisfying || XY | < || X|||Y]] it is true that
IX, Y] < wlIX|[11Y]] with @ = 2. The advantage of considering (5) rests in the
fact that for some special classes of Lie algebras and norms p is actually less than 2.
For instance, if g = so(n), the Lie algebra of n x n skew-symmetric matrices, and
|| - || is the Frobenius norm, then pu = +/2.

2.2. Estimates based on the Magnus expansion

A constructive procedure for obtaining explicitly the fundamental matrix of the
differential equation

du
5 —AWU. VO =1 (7

was proposed by Magnus [14] in the form U (¢) = exp(€2(¢)), with the logarithm of
U (¢) satisfying the equation
/o —1 _ k
Q =dexp,' A1) = ]; o 2doA). (8)

Here ad%A =A, adgA =[Q, ad]é_lA] and By are Bernoulli numbers. When the in-
finite Magnus series Q(t) = ZZO: 1 £, (¢) is substituted in (8) and equal powers of A
are collected, one arrives at the recurrence
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t
Qi (1) =/ A(s) ds, ©
0
n—1 B ‘
Qn(t) = Z _{ Z / akol akoz e akojA(s) ds, n > 2.
j=1 ’ k]+'“+kj:n—l 0
Ky =10k 1

If the piecewise constant matrix-valued function

Y 0<r<l,

A(t):{X l<1<2 (10)

with X, Y € g is considered, then the exact solution of (7) at r = 2 is U(2) = eXe’.
By computing U (2) = e?® with recursion (9) one obtains for the first terms

Q) =X+7,

2(2) = 3[X. Y], (11)
Q3(2) = HIX, (X, Y+ SV, [X, Y]],

Q4(2) = 5 [X, [Y. [V, X111,

and, in general,

(0.¢]
Q2) =27z =loge*e") =X +Y+) Gu(X.Y), (12)
n=2
where G, (X, Y) is a homogeneous Lie polynomial in X and Y of degree n. In fact,
each G, (X, Y) is a linear combination of the commutators of the form [V, [Va, ...,
[Vi—1, Vul...Jl with V; € {X, Y} for | <i < n, the coefficients being universal ra-
tional constants. It is perhaps for this reason that the Magnus expansion is often
referred in the literature as the continuous analogue of the BCH formula.
Now it turns out that the Magnus series is absolutely convergent for ¢ such that

! 2.1737
Al ds <
0 Iz

with a norm satisfying (5) [1,17]. In consequence,

Theorem 2.4. The BCH series in the form (12) converges absolutely when || X || +
Y| <2.1737/ .

The Q series can also be represented in the form [4,26]

o
1 t t o
Q@) =Zﬁf0 dtn-~-f0 At (=19 710,10n — ©, — DIA(,) --- A1),
n=1""

(13)
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where ®, = 0,(t,,...,t1) = v, +---+ vz, and the step function vy =1 if t >
tx—1 and zero otherwise. It has been shown [18] that the series (13) converges abso-
lutely for ¢ such that

t max [|A(s)] <2
s€(0,7]

with a norm compatible with associative multiplication. If, on the other hand, one ap-
plies Dynkin’s theorem then every monomial A(#,) - - - A(¢1) in (13) may be replaced
with the fully nested commutator %[A(tn), ..., [A(#2), A(#1)]] and the resulting se-
ries is convergent for ¢ such that

2
t max |A(s)] < = (14)
s€[0,1] "

with a norm verifying (5). When the explicit formula (13) is applied to the prob-
lem defined by (10) then the associative presentation (3) of Q(2) = Z is recovered.
Therefore this presentation converges if max{|| X ||, |||} < 1, which is just the re-
sult of Theorem 2.1. A similar result follows from (14) when a nested commutator
structure is considered for (7). In this case we retrieve the Lie presentation of Z in
the Goldberg form (6) and Theorem 2.3.

2.3. Estimates from associated differential equations

The third group of convergence proofs are derived by analyzing certain differen-
tial equations closely related to the BCH formula.

For sufficiently small + € R one has exp(rX) exp(1Y) = exp F(t). Here F(¢) is
an analytic function around ¢t = 0 which satisfies the equation [25]

dF 1 =\ Bay
— =X+4Y+4+-[X-Y,F
- +Y 4o ]+;(2p)!

ady” (X +Y)

with initial condition F(0) = 0. By writing F(r) = )Y -, t"z,(X, Y), a recursive
procedure can be designed for the determination of the coefficients z, [25]. In fact,
z1=X+Yandz,(X,Y) = G,(X,Y) in (12) forn > 2.

Theorem 2.5 [25]. The series 220:1 (X, Y) = Z(X,Y) converges absolutely for
al X, Y e ¥={Veg:|V|] < %}, its sum defines an analytic map of & x &
into gandexp X expY = exp Z(X, Y). Here § > 0 is a constant such that the equa-
tion

o0

dy 1 |BZp| 2p
&z C y(0)=0
o 2y+p§ " YO

admits a solution y(t) which is holomorphic in the disc {t : |t| < §}.
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In [20] Newman, So and Thompson prove that the explicit value of this number is

2

d

5:/ e —2.17373740...
0 2+5y—5c0t(3y)

and thus one has

Theorem 2.6 [20]. Under a norm verifying (5) the BCH series (12) with all terms of
each fixed degree expressed in terms of commutators and grouped as a single term
converges absolutely if | X || < % 1Y < % = 1.0868/ .

IfZ = log(eXeY) is expressed as Z = Zf,io U, , where now U, is the homoge-
neous component of degree n in Y, then by applying similar techniques as in the
previous case one obtains

Theorem 2.7 [6]. The series ano U, converges absolutely for || X|| <
” Y ” < 1.2357 .

1.2357
T and

3. An enlarged convergence domain for the BCH series

In this section we obtain a new convergence theorem for the presentation of Z =
log(eXeY) as a series (12) of homogeneous Lie polynomials in X and Y.
For sufficiently small u, v, t € R it is true that

exp(ut X) exp(vY) = exp Fi1(u, v, t). (15)
If we denote C (¢, t) = Fi(e, ¢, t), then for all sufficiently small ¢ > 0

[e¢)
Cle,t) =Y &"calt), (16)
n=1
the series being absolutely convergent [25]. Our goal is to provide the terms ¢, ex-
plicitly and the domain of convergence of the series. This will be done by deriving a
differential equation for C (¢, ) and obtaining its solution as a power series in €. The
coefficients ¢, will then be determined by a recursion procedure.

Lemma 3.1. C(e, t) is a solution to the equation
oC
S =deXpEI(SX) (17)

with the initial condition C (g, 0) = €Y.

Proof. By deriving (15) one gets [25]

0 oF
a(eprl(u,v,t)):deprl o exp Fi(u, v, t),
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where, formally,

o0

1 .
depr1 = E —_— adf,,
1R

oG+

and

0
g(exp(utX) exp(vY)) = uXexp(utX)exp(vY) = uXexp Fi(u, v, t).

Equating differentials,

X —d <6Fl>
uX = dexpy, o )
t

so that
o = dexpy (uX
E(u, v,t) = expp, uX).
Now we put u = v = ¢, and thus
oC _
E(s, t) = dexpc(lg’t)(sX).
Finally, by substituting t =0, u = v = ¢ in (15), exp(eY) = exp C(¢, 0), so that
C,0)=¢Y. O

Lemma 3.2. The coefficients c,(t) in the expansion (16) are determined by the
recursion formula

ci(t)y =Xt+Y
n—1 B f (18)
cp(t) = Z —: Z / Ejldck1 (S)ade2 (s) " adckj »Xds, n=2
=177 kptetkj=n—1 0
kp=1kj>1

Proof. If we denote by (/(¢X) any function of the form & — & f(¢), where f is
analytic around ¢ = 0, it is clear that

a_C _ s Jj N+l
5 (e,1) = Ze cj(t) + OE")
j=1
and
adc(en = eade, + szadc2 4+ 4 8"_ladc,H + 0.

Therefore

adzc(w) = 82adcladc1 + 83(adcladc2 +adg,ade,) + - -

n—1

- Zsl Z ad, adg, + O(e")

=2 ky+ko=l
ky=1kp>1
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and in general

.
adg, ) = Yo > ade, ade, -+ ade, + O(e").

kytetkj=l
kyzl.kj=1

On the other hand, adc ;) = O(¢), so that

n— 1
dexpc (eX)=¢eX +¢ Z —ad’ X + 0™
j=1
n—1
= 8X~|—£Z Z Z adg, --~adcij+ GRS
! kytetk =1
k1, k >1
n
_sx+Z Z Z ad,, -~-adcij+@'(£"+l).
j= ! kptotk j=l-1

ky=1,. k =1

If we substitute these expressions in (17) and identify the coefficients of &/ on both
sides we get

ci(t) =

) = Z Y adg ---adg X, 122

! kyeetkj=l—1
ky=1,.. k>l

The initial condition C(eg, 0) = 2121 el (0) = ¢Y implies ¢1(0) =Y and ¢;(0) =
0, > 2. This proves the lemma. [

The recurrence (18) provides ¢,, n > 2, as a linear combination of n — 1 nested
commutators involving n symbols X, Y. Then C(1,1) = 2@1 ¢, (1) is the BCH

series in terms of homogeneous Lie polynomials in X and Y, i.e., the presentation
(12). Next we analyse its convergence. For that purpose we consider the series

ve. ) =Y elllc;@)ll. (19)

j=1

Lemma 3.3. With a norm in g satisfying (5) then

1
v(e, 1) < ;G_l (Gl ) +enlXllt), 0<t<T (20)
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holds, where

T dx
G(t)z/(; 2+£(1—cot£) @h

and T = sup{t > 0: G(u|Y|) + eu| X|It < G2r) = & = 2.1737738... .}

Proof. From (18) it is clear that for [ > 2

-1
B
eIl < E Mp—|pl,)| E / e N -+ llex, (O NIX ds
p=1 ’

ky+-tkp=I-1

kizl...kp=1
and thus
N N -1 IB,| P

I [—1
> el < eZZu!’ Yoo / llex, 11+~ e, ()1 X 1| ds
1=2 1=2 p=1 Ky 4k p=l—1 0
kyz1,.kp=1
p|B |
—sZu Z > ||Ck|(s)|| lex, ) I1X | ds.
! ky+-tkp=I
ky=1.kp>1

Let us denote vy (e, 1) = Zfil e!lle;(1)|). Then it is easy to show that

pN
n(e. )P =Y e > el lew, .

I=p ky+-tkp=I
k1>1,.“,kp>1

so that, in the last inequality,

N-—1

l
DT Y ekl llek, | < (unle1)?
I=p

ky+tkp=I
kpzl.. kp=1

and therefore

(N—1

un (e, 1) < e([| Xz + I|Y||)+€/ Z —l(/wzv(8 sHPIIX | ds

e +sf

Taking the limit N — oo we have

tN 1 |
” — - (mon (e )1 X ds.

1
v(e, 1) < ellYl +8/0 1 X1lg (v e, s))ds, (22)
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since

o0

|Bp| » X X\
Sy =2+§(1—cot§ = g(x). (23)

p=o
Now the desired conclusion can be achieved from a result obtained in [16,17]. For
completeness we reproduce here the argument.

LetU(t) = fot I X|lg(ev(e, s))ds. In consequence,
U'(t) = 1 Xllg(uo(e, 1) < IXIIg(uellY | + neU (1)),

since g is a non-decreasing function. Thus we have
U'@)
guel|Yll + nel())
because g is positive on the real axis. In fact g(z) is analytic for |z| < 27 with

positive coefficients in the power series and has no zeros in the ball |z| < 27. By

integrating this inequality we have

1 /MSIIY|+u8U(t) 1
e

— ——dx < || X1t
e J ey g(x)

< X

or
G(rellYll + pnetU(0) < G(uellY ) + pnell X,

where G (1) = f(; ﬁdx. Now G(z) is also analytic in |z| < 27 and G'(z) = ﬁ *

0. Then y = G(z) has an inverse function z = G ! (y) for yintheball |y| < G(2r),
which is also analytic there. In consequence, pe|Y | < 27 and

1
v(e, 1) <ellY| +eU() < ;G YGrelY ) + pellXt)

for ¢ such that G (ue||Y||) + pe| X ||t belongs to the domain of G, i.e.,

G(uellYl) + pnell Xt < GR2m)

2 1 e
=/ mdx=§—2.17373738... O

If we take € = ¢t = 1 in (20) then

> 1 2w
= 1, =1) = n =1 —Gil —_
v(e r=1) E llent = DIl < ” é) "

n=1

provided G (u||Y|)) 4+ || X || < &. In other words, the BCH series ), | ¢, (t = 1) is
absolutely convergent if

Wyl q
/ — dx 4l X| <& (24)
0 g(x)
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On the other hand, it is clear that the roles of X and Y in (15) are interchangeable,
i.e., it is equally true that
exp(uX)exp(vtY) =exp Fa(u, v, t)

and thus for all sufficiently small ¢

o0
D(e.t) = Fy(e.e.1) = Y _&"dy(t). (25)
n=1
By following a similar procedure one has the equivalent results to Lemmas 3.1 and
3.2.

Lemma 3.4. D(e, t) is a solution to the initial value problem
oD

= = dexp_p(eY), D(s,0) =¢X.

Lemma 3.5. The coefficients d, in (25) verify the recurrence

di(t)y =X + Y1,
n—1 B. ¢
i —J
do(1) = Z(—l)lF > f adg,, ) -+~ adg Y ds, 0 >2
j=1 " kg etkj=n—1 Y0

kyzl.kj=1

and thus D(1, 1) also leads to the BCH series in the presentation (12).

Now, forn > 2

n—1
/1B '
lda) < Y =5 Y iy 511+~ lldi, ()11 1| ds
j=I1 J: kyttkj=n—1 0
k1>],...,kj2l
and therefore a result similar as Lemma 3.3 holds for the series Z@ 1 €My (8)]]
provided that G (ue|| X||) + nellY ||t < &. We have then proved the following

Theorem 3.6. The BCH formula in the form (12), i.e., expressed as a series of
homogeneous Lie polynomials in X and Y, converges absolutely in the domain D1 U
D> of g x g, where

2 1
Dy =X, Y): pnlX] </ ——dx ¢, (26)
uly) 8(x)
2 1
Dy = (X, Y): ullY] </ ——dx ¢, (27)
x| &)

and g(x) =2+ 5(1 —cot 3).
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u=2
3 '\\\ T T T ]
25} i
2+ ‘\\ |
>
=15} S B
1F N J
2. AN
2.7 3.6 AN
(3 R
053 ) . |
>\ \\
0 h . . M
0 0.5 1 1.5 2 2.5 3
X1

Fig. 1. Bounds for the convergence domain of the BCH series in the Lie presentation when p = 2 ob-
tained from the different theorems. The number of each theorem is used to label the curves. Except for 2.3,
the curves are not part of the convergence domain. The thick curves define the best result and the broken
line corresponds to the limit where the exponential representation is guaranteed according to Theorem
4.1.

At this point it is quite illustrative to represent in a figure all the bounds considered
here for the convergence domain of the BCH series in the Lie presentation. This
is done in Fig. 1 for a value u = 2. Observe that the domain D U D, given by
Theorem 3.6 clearly contains all the previous estimates and that the coordinates of
the point where the boundaries of D; and D» intersect is precisely || X || = ||Y]| =
1.2357/ 1, the estimate given by Theorem 2.7 for the convergence of the series in
terms of homogeneous components in Y.

4. Further discussion on the convergence of the BCH series

Theorem 3.6 provides sufficient conditions for the convergence of the BCH series
based on an estimation by norms. In particular it guarantees that the exponent Z can
safely be computed with the convergent series (12) in the domain D U D,. But, in
fact, the domain of analyticity of the function Z (X, Y) is still larger, as the following
(unpublished) result shows.

Theorem 4.1 [15]. Let X1, X2, ..., X; (k > 2) be bounded operators in a Hilbert
space A with dim(#) > 2 and

k
By =1x=(X1,....X0): Yy _IXill <y
i=1
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Then the operator function ¢, (0) = 14, @(x) = log(eXkeX’f—l ... eX2eX1) (which
is well defined in B, if y is small enough) is in fact an analytic function of x =
(X1,...,Xy) in By.

As is well known, given two operators S, 7 in J, then ||ST| < ||S||||T|| and
ILS, Tl < 2|IS|III T, which corresponds to u = 2.

The following example shows that the estimate y = w provided by Theorem 4.1
is in a certain sense optimal for p = 2. In other words, the domain of validity of
statement (C) of the BCH theorem is, with no further assumptions on X and Y,
precisely By .

Example 1. Let us consider the matrices
1 0 0 1
A= (0 —1>’ B = (O 0> (28)
with the property [A, B] = 2B. We take X = oA, Y = apA 4+ BB. Since
QaA+hB _ <e“ 2 sinh a)

0 e ¢
we have
o) +ar ar B
Xol _ e e o sinh ap
0 e—(a1+a2)

and therefore

Blayg+ay) 1—e 2@

_ X, Yy _
Z =log(e7e’) = (a1 + a2)A + o 1 — e—2(@+a) 7’

(29)

an analytic function if |o| + a»2| < 7w with singularities at o) + ap = =irw. In this
case every nested commutator is proportional to B, and thus the BCH series in the
presentation (12) gives

o0 o0
Z=X+Y+) Gu(X.V)= (1 +@)A+B)  fuler.a)B.  (30)
n=2 n=1
Here f1 =1 and f,, (n > 2) is an homogeneous polynomial of degree n — 1 in «y,
ar. By comparing with the exact expression (29) it is clear that the series (30) cannot
converge if |« + ap| > 7, independently of 3.
If we consider the spectral norm, i.e., the matrix norm induced by the Euclidean
vector norm, then u = 2, |A|| = ||B]| =1,

1 X = e,

1/2
B B |, B /
Yl=a |1+ -—+— 012+T = azy/4(B, a2)
25

with limg_.o 4(B, a2) = 1. The following results are then immediate.
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1. For any € > O thereexistsa 8 > Osuchthatw < | X| + ||Y|| <7 + € witho] +
ao = m and thus the BCH series (30) does not converge. In fact, if ¢y > 0, > 0,
o] + ap = 7 then

7 < IXI+ Y] =7 +a2 (=1 + VA @) <7 +e

for values of B such that A(f8, «z) < (¢/an + 1)2.

2. For any € > 0 there exist values o) > 0, a» > 0 with o] + g < 7 for which
X+ Y]l > m + € and the BCH series (30) does converge. This occurs, for
instance, for values of § such that A(8, a2) > ((m + € — Ol])/()lz)z.

Let us now assume that X, Y € g are such that ||[[X, Y]|| < w|| X||[|Y]l. Observe
that the bounds obtained for the convergence domain of the BCH series depend ex-
clusively on p and the norm of X and Y, and so the fact that X and Y nearly commute
is irrelevant for that purpose. The question is then the following: is it possible to take
into account this special feature of the commutator [X, Y] to improve the previous
estimates for this particular situation?

In general the answer is negative, as the following example exhibits.

Example 2. Let us consider X =« A, Y = X + BB, with A, B given in (28). Now
it is clear that [X, Y] = 2aB8B and ||[X, Y]|| = 2|aB| K 2| XY if || < 1. The
expression (29) of Z reads in this case
—2a
e

1 —
7z = lOg(exeY) =2aA +2ﬂmB

with first singularities at @ = &i% independently of 8. Thus one cannot expect the
BCH series to converge for |a| > 7 regardless of the value of 8.

Nevertheless, as the following lemma shows, even in this case X + Y is a good
approximation to Z for sufficiently small values of S.

Lemma 4.2. The following inequality holds

”eXeY _ eX+Y” g K]CK0+K1 (31)
with
Ko = [IXII + 1Yl
(32)
1 —eXKo(1 — 2Ky)
Ki= > ILX, Y11l
4K}

Proof. Let us consider the general equation (7) and let () be an approximate
solution, such as that obtained by the Magnus expansion (9). We can define the error
of the approximation as

E(t) = U(1) —eB®, (33)
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Our goal is to provide a bound to E(¢). To this end we introduce the matrix Uj (¢) by
U(t) = eBOU, (). 1t is clear that

U =AU, U0)=I (34)
with
1 1
A =e BAel — / e BB e Bdx =P / (A—e"BB e *B)dx | e?
0 0

1
:e_B/ (A—e_XBAe"B—Fe)‘B(A—B/)e_XB>dxeB.
0

Taking into account that

X
A—eBAae™B = / e“BrA, Ble B du
0
one gets

1 1

Al :/ /xe_(l_“)B[A, Blel=1B gy du—i—/ e U=MB4 — By e=9B gy
0J0 0

(35)

The error can also be written as E = U (I — Ufl) and

t
1-up! =/ U (s)A1(s) ds.
0

If we consider functions K (¢) and K (¢) such that

t t
/OIIA(S)IIdS<Ko(f) and /OIIAl(S)IIdS<K1(t)

respectively, then
IEI < IUINT — U;Y) < eXoky ekt (36)

Now we take B(t) as the approximation obtained with the first term of the Magnus
expansion,

t
B(t):/ A(s)ds,
0

so that the second term in (35) vanishes, and A(¢) is given by (10). In that case
2 1—e*®o(1-2Ko) [? (T
[A1(s)] ds < 3 I[A(T), A(s)]ll dz ds,
0 4Ky 0o Jo
so we can choose K and K asin (32) where [A(7), A(s)] = [X, Y]ifO<s <1 <
T < 2 and zero otherwise. [

In other words, if the norm of the commutator [X, Y] is sufficiently small then
Z = log(eXe’) can be well approximated by the first term of the BCH formula,
X + Y, even if the series does not converge. For Example 2, the bound (31) gives
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1 —e*(1 — 4
1B < pr S U= 2y g2y,
16a

so that || E'|| — O in the limit 8 — 0.

5. Optimization of the BCH series

In most practical applications the BCH series has to be truncated. For instance, a
case of some relevance in quantum mechanics is when [ X, Y] commutes with both X
and Y. Then obviously, exp(X) exp(Y) = exp(X + Y + %[X, Y]). In the derivation
of the order conditions of composition and splitting methods for solving numeri-
cally ordinary differential equations, one applies formally the BCH formula to get
one exponential of a series in powers of the step size 7 and compares the truncated
series (up to a given order of &) with the flow corresponding to the exact solution
[10].

In general, given the presentation (12) in terms of homogeneous Lie polynomials
in X and Y of degree n, when the series is truncated one has

N
ZMaX ) =1(X+Y)+ )Gt X. 1Y) = ZaX. 1Y) + 0Vt (37)
n=2

with G, (tX,tY) =t"G, (X, Y). Our goal in this section is to analyze how the trun-
cated series can be approximated in a computationally efficient way.

In order to proceed, let us consider again the free Lie algebra £ (X, Y) and let ¥,
denote the subspace of (X, Y) generated by homogeneous elements of degree n
(n > 1). Therefore & = ®n>1 Lns L1 =L, L1]land £ = span{X, Y}. The
dimension ¢, of the subspace ¥, is given by Witt’s formula [3], its first 10 values
being 2, 1, 2, 3, 6, 9, 18, 30, 56, 99. With this notation the BCH theorem establishes
that forany n > 1, G,, € %), and thus it can be written as a linear combination of the
elements of a basis in .%,,. Although there exists a standard procedure to construct
a basis in &, for all n providing the so-called Hall basis [3], due to the Jacobi
identity different selections of independent nested commutators and different basis
thus constructed are equally valid.

In this context we can formulate the following two problems concerning the trun-
cated BCH series (37):

Problem 1. Find a basis {E,;}", of %, 1<n<N, such that Z}" =
Zy}zv=1 Zf”zl oy Ej ;i has as few non-vanishing coefficients «,, ; as possible, i.e., such

that Z([)N] involves the minimum number of independent nested commutators.

Problem 2. Minimize the total number of different commutators required to ap-
proximate the expression of Z([)N] up to order N.
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The first problem was afforded in [21,12], obtaining a significant reduction in the
number of different nested commutators in the series up to N = 8 and 9, respectively.
Thus, in particular, z1, . . ., z4 in the sum Zéﬂ (tX,tY) = ZSZ] t"z,(X, Y) are given
by Q1(2), ..., Q4(2) in (11), respectively and

1
ZS(X,Y):E(—[X,X,X,X, Y]—6[X, X, Y, X, Y] -2[X,Y,Y, X, Y]
+2[Y, X, X, X, Y] +6[Y, X, Y, X, Y]+ [Y,Y, Y, X, Y]), (38)
1
ZG(X9 Y) = ﬁ(_z[xy Xy Y? Yv Xv Y] +6[X7 Y? X7 Y’ X’ Y]

+IX, VY, Y, X, Y+ [V, X, X, X, X, Y]),

where [A1, A2, ..., Au—_1, Anl = [A1, [A2, ... [A,—1, A,]]]. Thus, the actual num-
ber of terms c;z (n < 6) appearing in the BCH series is 2, 1, 2, 1, 6, 4. If this basis is
adopted, it is easy to verify that an upper bound for the total number of commutators
involved in Z([)N] isC(N) = 1N=—21 ci +cy.

To reduce this number of commutators and thus solve Problem 2 is quite useful
the notion of a graded free Lie algebra. A grading function w is introduced on ¥
as follows. We assign a grade to the generators, w(X), w(Y), and then the grade is
propagated in the basis by additivity: the grade of an element L of the basis of ¥, of
the form L = [L{, Ly] is w(L) = w(L1) + w(L>) [19]. In the context of the BCH
series, w(X) = w(¥Y) = 1.

Recently, an optimization technique has been proposed which in certain cases
allows to write a generic element of a graded free Lie algebra with the minimum
number of commutators [2]. The procedure has been applied to optimize numerical
integration schemes for linear differential equations based on the Magnus expansion
and the family of Runge—Kutta—Munthe-Kaas schemes for differential equations on
manifolds [5]. In the particular case of the truncated BCH series Z([)N] this technique
leads to the following optimized expressions.

N = 3. Only two commutators are required to obtain Z([)3]. If we denote

dy =[X,Y], (39)
then it is clear that
ZP =X + v 4+ Lai + LIx - v, dil. (40)

N = 4. The expression of Z([;” can be written exactly in terms of three commuta-
tors as

ZW =X +v+1d + Las 1)
with
d =X + d), v],

(42)
d3 = [X, —3d\ + d]

and d; given by (39).
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N = 5. With four commutators we can obtain an expression Z([)S] which approxi-
mates Z([)S] up to grade 5. In other words, Z([)S](tX, tY) = Z([)S] (tX, 1Y) + 0@°). Spe-
cifically, with

ds) =1[X,Y],
ds) = —1s [X+%(5—«/ﬁ)Y,d5,1], 43
ds3 = [X + kdsy — B85+ V2D)ds o, Y + 13eds. -I-ds,z], )
dsa=[X =Y+ $5\21ds 5, {5551 — ds 3]

we have
Z'=X+7Y+ Bods +ds3 — fds 4. (44)

In (43) irrational numbers appear because a non-linear system of algebraic equations
has to be solved. Of course, when all the commutators are combined in (44), we only
have rational numbers in the approximated BCH series.

N = 6. In principle, the minimum number of commutators required is 5, since z¢
is a linear combination of nested commutators involving six operators. Nevertheless,
we have not found solutions of the resulting non-linear system of algebraic equations
in the coefficients. With one additional we have the following approximation:

5
ZP =X+ Y+ Bid; + Polds. da] = ZJ + 0(17), (45)
i=1
where di, d», d3 are given by (39) and (42),

ds = 3 [X + a1Y + ondy + azds, 4dy — 6dy — 3ds]

4 . (46)
ds = [X +xsa¥ 4+ xsid;, ZyS,idi:| ;
i=2 i=1
and the numerical values of the coefficients are
9(4+5 3(1104-49+/3
a; =2 ++/3, oy = — (+1§/_) Ol3=—7( 2-"3;6\/—)’
3(586+231 3(—17972+4273314/3
x50 =2—+/3, xsp = —3OBBIVD gy ACTTIRTIS)
9(23707+4721+/3 4— 43
x5,4=—(9W, Y5.1 ZT\[’ Y5, i,
1++/3 -9 5
y$,3=%—, 5.4 =1, ,3 + 3
—_4_ 1 _ 3 71+f
ﬂz =3 273’ ﬂ3 = 20" A :3 s
_ 1 _ 21(=324+19V3)
ﬂS = 20 ﬂ() - 1180 s

In Table 1 we collect the dimension ¢, of .¥,,, the actual number of terms in the
BCH series ¢}, the upper bound C(N) and the minimum number of commutators
required F(N) up to N = 6.
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Table 1
Number of commutators in the truncated BCH series
N ey ¢y c) F(N)
1 2 2 0 0
2 1 1 1 1
3 2 2 3 2
4 3 1 4 3
5 6 6 12 4
6 9 4 16 6

Next we analyze the quality of the approximations Z[)N] in comparison with Z([)N]

. 7 7N 7 FIM
for N =5, 6. For this purpose we compute |[e“ —e“0 || and |[e“ —e“0 | when
X and Y are taken as g x g random matrices with g = 4, 16. To consider different
situations first we take full random matrices with entries in the interval (—0.5, 0.5)
and repeat the computations taking their skew-symmetric projection (X5 = (X —
X1 /2,YS = (¥ — Y1) /2). In particular we measure

as a function of 7. If the accuracy does not improve with N this is a clear indication
that the convergence of the BCH formula fails for these values of X, Y and ¢. In
Fig. 2 we show the errors obtained in the BCH approximation using Z([)]V I'and Z[)N ]
for1 < N <6.For1 < N <4 we have that Z([)N] = Z[)N] and both curves coincide.
From the figure we observe that the approximations obtained with Z([)N] and Z([)N]
give very similar results. This experiment has been repeated a large number of times
with different random matrices and valuNes of ¢, and similar results were found.
However, the computational cost of Z([)N] is considerably smaller than the cost of

[

tX 1Y eZ([)N](zx,zy) ”

Z([)N] for N > 4. As mentioned, to compare the performance of different approxima-
tions of the same order it is necessary to take into account both the accuracy and the
cost. A standard procedure is to define an effective error, E¢, which contains both
contributions. If % is the cost and

& = loge®e") — M| or & =|log(e¥e") — Zi)
is the error of the approximation at order N it is usual to take
Er =%t

In general, the cost can be considered as proportional to the number of matrix—matrix
multiplications, and we can take ¥ = xy /(N + 1) withxy = C(N) orxy = F(N).
We have divided this number only to avoid misinterpretations because the large num-
bers obtained from #¥*!. In Fig. 3 we show the results obtained for the effective
error when considering full random matrices of dimension 20 x 20. We observe that
the optimal approximations at orders 5 and 6 outperform the effective error obtained
from the standard one by several orders of magnitude. As in the previous exam-
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Fig. 2. Error in the BCH approximation using Z([)N] (—) and 2([)1\]] (---)for 1 < N <6 (ZBN] = Z([)N]
for 1 < N < 4). Full random g x g matrices are considered in the left figures, and their skew-symmetric

projection on the right figures.
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Fig. 3. Effective error in the BCH approximation using Z([)N] (—) and Z([)N] (---)for4 < N < 6 for full
random 20 x 20 matrices.



S. Blanes, F. Casas / Linear Algebra and its Applications 378 (2004) 135-158 157

ple, similar results are obtained when repeated the experiment with other random
matrices and dimensions.
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