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Abstract

A large number of splitting methods for autonomous separable systems exist
in the literature which have been designed for many different structures of the
vector field. However, the performance of most of these methods is diminished
and their orders of accuracy are frequently reduced when applied to non-
autonomous problems. Based on the formal solution obtained from the Magnus
series expansion, we show how to modify a standard splitting method for
autonomous problems to treat non-autonomous systems with similar or better
efficiency. We illustrate this technique to build new fourth- and sixth-order
schemes whose performance is then illustrated on several numerical examples.

PACS numbers: 02.60.—x, 02.60.Lj
Mathematics Subject Classification: 65L05, 65P10

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Splitting methods constitute a widespread procedure to integrate numerically differential
equations, particularly in the context of geometric integration. Suppose we have a system of
ODE:s of the form

x'=fx) = A+ B, x(tp) = xo € RY, (1)

with f : R? — R? and such that the associated vector field (or Lie operator) is split
accordingly as Ly = L yia + L pis1, with

d d
ad ad
Lf[A] — Zfi[A](x)E’ Lf[ﬂ] — Zfi[B](x)E.

i=1 i=1
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Suppose in addition that the i-flows go,EA] and (p}lB] corresponding to L s and L fie, i.e., the
solution of the systems

x' = ), x' = B,

respectively, can be either exactly computed or accurately approximated. In that case it is
useful to consider splitting methods of the form

A B A B A B
Y =g ogpnoplitoogl ol o) )

m

with a;, b; € R chosen as to ensure that the numerical integrator ¥, is an approximation of
order p in the time step / to the exact flow ¢y,.

A large number of splitting methods of different orders exist in the literature (see
[10, 13, 17] and references therein) which are especially adapted to numerically integrate
different families of problems. Thus, one could distinguish, for example (i) the general
separable problem (1), when no more assumptions are made on the vector fields L y41 and
L pi51; (ii) near-integrable systems, which correspond to x’ = f141(x)+¢ 181 (x) with ||¢]| <« 1;
(iii) the second-order differential equation x” = g(x), etc. The performance of the different
splitting schemes may greatly differ depending on the particular problem where they are used.
It is important, then, to first analyse the problem to be solved in order to choose the most
appropriate method.

If the problem is non-autonomous, i.e.,

xX'=f, ) = A0+ P, x(to) = Xo, 3)

the usual trick of taking ¢ as a new coordinate allows us to apply standard algorithms on
the transformed (autonomous) equation. More specifically, equation (3) is equivalent to the
enlarged system

d X f[A]()C,th) f[B](-xaxtz)
a X1 ¢ = 0 + 1 4)
"N 1 0
f[A] f[B]

with x;1, x,» € R. Note that if the systems
y =", y =Py

with y = (x, x;1, X;2) are solvable, then a splitting method similar to (2) can be used, since x;
is constant when integrating the first equation and x;, is constant when solving the second one.
This, in fact, can be considered as a generalization of the procedure proposed in [21] for time-
dependent and separable Hamiltonian systems, and is of interest if the time-dependent part in
f14 and f1B1 is cheap to compute. Otherwise the overall algorithm may be computationally
costly, since these functions have to be evaluated m times (the number of stages in (2)) per
time step.

Another drawback of the procedure is the following. Suppose that, when the time is
frozen, the function f in (3) has a special structure which allows us to apply highly efficient
integrators. If now ¢ is a variable, with (4) this time dependency is eliminated but the structure
of the equation is generally modified and one has to resort to more general and less efficient
integrators. Let us illustrate this issue with a simple example.

Example. Consider the time-dependent Hamiltonian

H(g. p.t) =e “ip*+e“(1q* — 1q* — § cos(wt)q), (5)
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Figure 1. Average error versus number of force evaluations in the numerical integration of (6) using
sixth- and eighth-order symplectic integrators for general separable systems (SS96 and SS178)
and a sixth-order symplectic integrator for Nystrom problems SRKN;;6 with initial conditions
q(0)=1.75,p0)=0.(a0)e=6=0;(b)e =1/20,§ =1/4, 0 = 1.

q, p € R, with associated equations

g =e"p,  p'=—e"q’ —q—8cos(r). (©)
This system corresponds to the well-known Duffing oscillator [9]. Let us discuss first the
autonomous case, € = § = 0, and integrate the corresponding equations (6) with a symplectic
method. In fact, since the kinetic energy is quadratic in momenta, symplectic Nystrom methods
usually show the best performance [20]. Thus, we carry out the integration in this case with the
9-stage sixth-order SS¢6 and the 17-stage eighth-order SS178 methods for general separable
problems built by McLachlan [15], and the symmetric 11-stage sixth-order Nystrom method
SRKN;/;6 given in [6].

We take as initial conditions g (0) = 1.75, p(0) = 0, integrate up to r = 107 and measure
the average error in phase space in terms of the number of force evaluations for different time
steps (in logarithmic scale). The results are shown in figure 1(a). Observe how the especially
adapted SRKN/; 6 scheme is the most efficient method.

Next we repeat the same experiment with € = 1/20, § = 1/4, w = 1 and the splitting (4).
The corresponding results are plotted in figure 1(b). It is worth noting how the performance
of the Nystrom method has deteriorated. In fact, it now behaves just as a fourth-order scheme.
In addition, each step involves 11 evaluations of the time-dependent functions.

To avoid the difficulties exhibited by the previous example, several numerical methods
based on the Magnus series have been proposed recently [5, 7]. The idea is first to express the
exact flow of x’ = f(x, t) as the exponential of the Lie operator associated with a series of
autonomous functions w = Zi w;. Then this series is truncated, w ~ wP! and att = 1y + &
the h-flow of the autonomous differential equation

¥=wl@),  x(0)=x (7
is approximated with a numerical integrator up to a certain order consistent with the previous
truncation.

The purpose of this paper is to adapt the above procedure to the explicitly time-dependent
separable system (3) and design new and efficient splitting methods for such a problem. More
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specifically, we propose to approximate the exact solution of (3) or equivalently the flow ¢
by the composition

[B1] Bl [An]
I h oy, ©

oplo.og ot (8)

[p] A
Ui =i o e
where the maps (pLA"I, <p,[ZB"I are the exact h-flows corresponding to the time-independent
differential equations

x' = A;(x), x' = B;(x), i=1,....,m 9)

2

respectively, with

k k
Ay =) e M, 1), Bi(x) =) oy fPx, 7). (10)
j=1

j=1

Here t; = 9 + cjh and the (real) constants c;, p;;, 0;; are chosen such that ¢, = w,E,’f }, +

O(hP*. Furthermore, our aim is that the new schemes, when applied to (3) with the time
frozen, reproduce the standard splitting (2). This will be accomplished by ensuring that
3 i Pij = ai and Zj o;j = b;. The integrators of order 4 and 6 that we construct here satisfy
this property and are generally more efficient than standard splitting methods applied to the
enlarged system (4).

As we will show, the only restriction for ¢; in (10) is that they must be nodes of a
quadrature rule of order at least p, and thus Newton—Cotes, Gauss—Legendre, Lobatto and
Radau formulae are equally valid options. For instance, if a Gauss—Legendre quadrature rule
is adopted, with k evaluations of f141(x, t;) and f!#l(x, ;) a method of order p = 2k can be
built (taking m sufficiently large). Once the quadrature nodes 7; and the number of stages m

are fixed, there still remains to obtain the coefficients p;;, o;; such that W,E,” }, has the desired
order. This is done by requiring that composition (8) match the solution of (3) as given by the
Magnus expansion. The task is made easier by noting that the order conditions to be satisfied
by p;; and o;; are identical both for linear and nonlinear vector fields. Thus, we first solve
the problem for the linear case and then we generalize the treatment to arbitrary nonlinear
separable problems.

The basic assumption in this approach is, obviously, that equations (9) are either solvable
or accurately and efficiently approximated. Relevant examples of this situation include:
(1) classical Hamiltonian systems with a time-dependent potential, (ii) the linear and nonlinear
Schrédinger equations with time-dependent kinetic and/or potential energy and (iii) the linear
system x’ = M (¢)x when the matrix M is split into its upper and lower triangular parts.

The class of methods we propose here is closely related to the schemes analysed in [7] for
the general equation x’ = f (x, t). There the exact flow ¢, is approximated by the composition

1//]£fl] o ,(p.}[lfz] 0+-+0 .lp}[lfnfl] o 1//]£fn]7 (11)

il is a map which approximates up to order p the solution of the system

where v,
k

X =fix) =) diif(x.1)), i=1,....n (12)
j=1

for some constants 7;, d;;.
If the scheme (11) is applied to the separable problem (3), then each map w}[lf" I may be
chosen as a splitting method, since (12) is also separable. Observe, though, that this splitting

method has to be used n times per step and this is exceedingly costly for a number of problems.
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2. Magnus expansion for separable linear systems

As stated in the introduction, we first consider the simpler case of a linear time-dependent
separable problem

x' = M(@t)x = (A@t) + B(D))x, x(fo) = Xo (13)

instead of (3) and design the new algorithms for (13). Here A(z) and B(¢) are sufficiently
smooth d x d matrices, so that the maps appearing in (8) (or (2)) are simply exponentials of
linear combinations of A and B evaluated att =7;, j =1,...,k.

It has been known for a long time that, locally, the solution of (13) can be written as

x(ty+h) = eQ(h)xo, (14)

where Q(h) = Z,fil Qi(h) and €, is a multiple integral of combinations of nested
commutators containing k& matrices M (¢) [14]. This is the so-called Magnus expansion of
the solution. An important feature of this expansion is that if (13) is defined on a Lie group
G, e stays on G even if the series is truncated, provided M (¢) belongs to the Lie algebra
associated with G [11]. In [12] it is shown how all the multidimensional integrals appearing in
2 can be approximated just by evaluating M (¢) at the nodes of a one-dimensional quadrature.
Also the number of commutators has been reduced to a minimum, thus producing powerful
numerical integrators [2, 3].

If M(t) is separable, as in (13), the presence of commutators in methods of order
higher than 2 typically destroys this separability and, as a consequence, the evaluation of
the exponential is more complicated [4]. This is especially serious for nonlinear problems,
since then the commutators are replaced by Lie brackets of vector fields. The new schemes
we propose here also avoid this deficiency.

When a Taylor series of the matrix M (¢) is inserted in the recurrence defining the Magnus
expansion, one gets explicitly the expression of €2;. To take advantage of the time-symmetry
property of the solution, the Taylor series is considered around the midpoint #,,, = #o + h/2.
In that case only odd powers of /& appear in 2. Specifically, up to order p = 2s = 6 the
relevant terms in 2 are [2]

1 1 1 1
Q=1+ Sps— e pel+ o clua, wal+ [,
M1+ 51 12[/M 2] 240[,u2 w3l 360““ Wi, 13]
1 1
T AAN ) ) + ) 5 5 + O h7 ) 15
210 (12, p1s (2] 720[#1 K1, l1s 2]+ O(R') (15)
where MHi = (iﬁ’l)! d‘;,iﬂ—ll(t) 1=t and [Mil yeees My Mi[] = [Mil ’ [ D) [H‘i[,l s I‘Li/] e ]] is an

element of order O(h!'*"*+1). Asis well known, i1;, [t2, 3 can be considered as the generators
(with grades 1, 2, 3, respectively) of a graded free Lie algebra £(u1, ua, u3) [18].
Let us now introduce the averaged matrices

) 1 to+h ) 1 h/2 )
MY = — (t—tip)M()dt = f/ t'M(t+ 1) dt (16)
ht Jy h J_pp
fori = 0,...,s — 1. If their analytical evaluation is not possible or is computationally

expensive, a numerical quadrature may be used instead. In fact, the integrals M@, i > 1, can
be approximated up to the required order just by evaluating M at the nodes c; of the quadrature
rule required to compute M. Denoting these by M; = M (ty + c;h),i = 1, ..., k, one can
write

k
M® :hZ(Qgﬁ"‘))iij, i=0,...,5—1, (17)

Jj=1
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with
b b
v = : : (18)
bl =37 bla—d)

and ( g?’k))ij stands for the element ij of the matrix ng'k) e R¥,

Here b;, c; are the weights and nodes, respectively, of the quadrature X. It should be
remarked that in (17) we have omitted terms of order greater than the order of the method
itself.

As an example, if fourth- and sixth-order Gauss—Legendre quadrature rules are considered,
then by = by = 1/2,¢; = 1/2 — /3/6,¢2 = 1/2++/3/6 to order 4 and b, = by = 5/18,
by =4/9,¢1 =1/2 —/15/10, ¢, = 1/2, ¢3 = 1/2 + +/15/10 to order 6, so that

3 4 5

1 1 18 9 18

2,2 _ 2 2 (3.3 _ V15 V15
2 12 1 o L

24 24

On the other hand, it is clear that M@ (—h) = (—1)*' M9 (h) and furthermore

1 — (=D
@ — () L ] —
M Z(T )l,u,zzl T 0Si<s—1 @)

If this relation is inverted (to order 4, s = 2, and six, s = 3) one has

9
o 0 15

@ _ pon-1_ (1 0 a_ | a

R =@ =(, ,): R¥=] 0 12 o0 1)
—15 0 180

and the corresponding expression of j4; in terms of M®) or M; is then given by

s k

Wi = Z(R(s))ijM(jfl) —h Z R(S)Q(s k) M;. (22)
j=1 j=1

In other words, by virtue of (22) we can write €2(/) in terms of the univariate integrals (16)

and also in terms of any desired quadrature rule, although the process of construction and

analysis of the new methods is considerably simplified if one works in the free Lie algebra

L1, w2, 143)-
Let us discuss specifically the separable problem (13). It is clear that u; = «; + 8;, where

ho dTAGr) g — h' d7'B()
(=1 dri-1 ’ TG =1 drit!

t=t12

o =
t=t12

and thus, from (15),

Q(h) =ay+ i+ 5 (@3 + B3) + 15 (—lar, o] — [1, Bol +[az, Bil = [B1, B + O(RY),  (23)

whereas at higher orders the number of terms increases dramatically. It makes sense, then, to
impose some simplifying conditions. For instance, if we suppose that the matrices A(¢) and
B(t) commute with themselves at different times, then obviously [«;, o;] = [B;, ;1 = 0,
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Table 1. Dimension of the subspace L, of the graded Lie algebra generated by
{1, B1, @2, B2, 3, B3} when: (i) the algebra is free (cp 1), (iD) [, @] = [B;, ;] = O fori # j
(cp,2), (iii) in addition [B;, B;, B, a;] = 0 (cp,3) and (iv) finally o; = O fori > 1 (cp,4).

P Cpl Cp2  Cp3  Cpa

DR W =
o0
=)
=)
A~

i # j. In that case (15) leads to
1 1 1
Qh) =ar+p1 + E(OB +B3) + E(_[ah Bol+[a2, B1]) + %([az, B3l — la3, Bo])
1
+ %([011, ay, B3] — lai, as, Bl + [B1, a1, B3] — [B1, a3, B1])

1
+ —([ay, az, Bol + [z, a2, Bi] — [B2, a1, Bol + [B1, a2, B2])

240
1
+ %([051, ay, ar, Bo] — [aq, ar, az, Bi] + [aq, B1, a1, B2]
—log, B, az, Bil + [Br, ar, oy, Bo] — [Br, a1, a2, Bi]
+[B1, Br, a1, P21 — [Bi, Br, a2, B1]) + O(R). (24)

For Nystrom problems, in addition, [B;, 8;, Bk, ;] = 0. This reduces further the number
of terms in Q (k). Finally, the special case x’ = (A + B(t))x is also worth to be studied
separately. Then o; = O fori > 1 in the expression (24). For illustration, in table 1 we collect
the dimensions of the first homogeneous subspaces £, of the graded Lie algebra generated
by {ai, Bi, a2, B2, a3, B3} for each case. The column ¢, ; indicates the dimension in the
general case, computed according to the (generalized) Witt formula [18]. It exhibits clearly
the necessity of imposing restrictions to reduce the complexity of the problem.

Of course, expressions (23) and (24) can also be written in terms of the univariate integrals

) 1 h/2 ) 1 h/2
AD = ﬁ/ 1At + 1)) dt, BY = ﬁ/ t'B(t+tp)dt, (25)
—h/2 —h/2

through linear relations analogous to (22).

3. Splitting methods from the Magnus expansion

As it was stated in the introduction, the idea now is to reproduce e*™ with a composition of
the form

i = TTe e, (26)
i=1
with
A; = ajay +apay, Bi = bipi +biafa for p=2s=4 (27
and

A; = ajo +apas + azas, B; = bi1B1 +binfa +bizps for p=6. (28)
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Introducing the matrices A™*, B9 ¢ R™ with elements (A™Y); = a;,
(B9, ; = b;j, respectively, it is clear that
s s
A=) (A")a, Bi=Y (B"");B, 1<i<m. (29
j=1 j=1

Now, taking into account relations (22), we have

k k
Ai=hY (R™);A;. Bi=hY (5""),;B;. 1<i<m (30)
j=1 j=1
with
ROmb) — A(m,x)R(s)Qgg,k), S(m,k) = pm.s) p(s) Qg?.,k), (31)
matrices m x k with elements (R™®);; = p;;, (S™P);; = o;;, respectively. In (30),

Aj = A(tg+cjh) and B; = B(to + cjh), the matrices A and B evaluated at the nodes of the
chosen quadrature rule X.

Of course the coefficients a;;, b;; are chosen as to guarantee that W,E{?on renders an
approximation of order p to the exact solution. The usual approach consists in expanding (26)
with the Baker—Campbell-Hausdorff (BCH) formula [23], matching with the corresponding
expression of Q2(h) (e.g. (23) or (24)) to determine the order conditions and solving these
equations to find the coefficients of the composition.

The number of order conditions for a method of order p is precisely dim £ +- - -+ dim £,
and, as shown in table 1, this number increases rapidly with p. In consequence, it seems
convenient to adopt some simplifying assumptions.

Note that the scheme (26) is a natural extension to the non-autonomous system (13) of
the standard splitting method

Wh — l_[ehaiA ehb,vB’ (32)
i=1

for the time-independent problem x” = (A + B)x. In fact, if w,Ef 1[ is applied to this equation,
thenay, = B = a3 = B3 = 0, since there is no time dependence and A; = ha; A, B; = hb;, B.
Therefore, one recovers the splitting method v, by taking a; = a;;,b; = b;1,i = 1,...,m
in (26).

The above observation justifies our first simplifying assumption. We start from a good
splitting method for the system (13) when the ¢ variable is frozen. This sets up the values of
aj1, bi1 and so only the order conditions involving a;;, b;; with j > 2 have to be analysed. An
added value of this hypothesis is that the most difficult order conditions, which are precisely
those involving only a;1, b;1, are already solved by the specific composition (32) considered
at the beginning.

The second simplifying assumption consists in imposing the time symmetry of (%) to
the composition (26). This symmetry is automatically satisfied (and thus all order conditions
at even orders) if the coefficients are such that either

Ams1—ij = (=) ay;, byij = (=1)7*"by;, byj =0, (33)
or

a;; =0, amri—ij = (=) a busi—ij = (=1)/*'b; (34
forj=1,2,3,i =1,2,...,m,depending on whether the composition (26) starts with elior

eB1, respectively. In the first case, the scheme will be said to be of type ABA, whereas in the
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second, of type BAB. Since the first or last exponential is cancelled and one exponential can
be concatenated in two consecutive steps (first same as last, FSAL, property) these symmetric
schemes are referred to as (m — 1)-stage methods.

With the previous premises fourth-order methods can be obtained very easily and even
for sixth-order schemes the number of order conditions to be solved is not prohibitively large.

3.1. Fourth-order methods

For simplicity we consider first the case [ag, o] = [B1, 82] = 0 in (23) and take the
composition

m m

4] _ Ai E’i_ aija+anay A bii Br+binf

wm,h_l_[e e _l_[ell 202 gbirPr+biaf (35)
i=1

i=1
a;1, bi1 being the parameters of a standard splitting method of order 4 for autonomous problems.
Therefore, the consistency conditions

m m
Zailzl, Zb”:]
i=1 i=l

hold. When the BCH formula is applied to (35) one gets e, where

C(A) = Aoy + 2281 + Azan + AaBa + Aslay, Bi] + Agla, B2]
+A7lan, Bl + Aglay, ar, Bi]+ Ao[B1, a1, B1] + Aol B, @2, Bil
+Anlon, B2l + Al @i, Bo] + Azlan, a2, Bi1] + AwalBr, a1, B2]
+Aslon, ar, a1, Bil + Aslaa, Br, a1, Bl + A7[B1, Br, aa, il

Time symmetry forces that A3, A4, As, Aj, ..., A17 vanish, whereas the equations for A, A,, Ag

and Ag are satisfied by the starting fourth-order splitting method. In consequence, only the
equations for A¢ and A7 remain to be solved. If we denote

i m
s; = E aji, u; = E bj
=1 =i

(s0 =0,s, = 1,u; =1, up; = 0), then these equations are explicitly

m 1 m 1
;bizsi =—1 ;aizui =1 (36)

where the symmetry conditions (33), (34) have still to be imposed. Perhaps the simplest
solution is obtained by taking a;» = bj» = 0 fori > 1, i.e., with

edanaitane eb11131+b1252 ed21a eb21ﬂ1 . ,eb21ﬂ1 ed21a ebnﬂl —bi2pa g —ana

although this is not necessarily the most efficient distribution of the coefficients. Since b,,; = 0
in the previous composition, equations (36) lead to
-1 -1 1

b —Sm—1) =b;p2a —1) = — bp=——"——; = —.
2@ — Sm—1) 12(2ay; ) B = 12 20an =1 an =

The first step in this procedure is to have an efficient standard splitting method. Observe
that if 1, B; are the dominant terms and the main source of errors comes precisely from these
terms, then one can use higher order standard splitting methods (of order 6 or 8) with the
fourth-order Magnus approximation. The overall order of the resulting schemes will be still 4,
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Table 2. Splitting methods of order 4 for separable non-autonomous systems. GSg-4 is intended
for general separable problems, whereas MNg-4 is a Runge—-Kutta—Nystrom method. With the
coefficients a;;, b;; the matrices Am2) pm2) respectively, are formed.

Order 4; GSg¢-4 Type BAB

b1 = 0.079203 696431 1957 bi1a = Qayy +2a — 2byy — bay)/d

ay; = 0.209515106613 362 aip = (2ayy +2az, +az; — 2by; — 2b21)/c
by = 0.353172906 049 774 by = (—2ay1 +b11)/d

ay; = —0.143851773179818 ay =0

b3 = —0.0420650803577195 b3 =0

az; = 1/2 — (a1 +az1) axp = —a/c

bgr =1 —=2(b11 + b2y +b31) by =0

Order 4; MNs-4 Type BAB

b1 = 0.082984 406417 4052 b1o = 2an +2a1 — 2byy — byy)/d

aylp = 0.245298 957 184271 ajp = (2a11 +2a21 +az — 2b11 — 2b21)/c
by = 0.396 309 801 498 368 by = (—2ay +b11)/d

ap; = 0.604 872665711080 a» =0

b3 = —0.0390563049223486 b3 =0

az; = 1/2 — (a1 +azr) azp = —a/c

byy = 1 —2(b11 + b2y +b31) bp =0

c = 12(ayy +2az1 +azy — 2by1 +2a11b11 — 2by1 + 2a11b71)
d = 12(2az1 — by1 +2an by — 2a21byy — bay +2a11b21)

but the error will presumably decrease. A situation where this approach is worth to be
considered is when the time-dependent functions evolve smoothly.

In the general case of (23) we have two additional order conditions for the coefficients
ain, biy:

m 1 m 1
D an(si+sio) = s D bio(ui +uiy) = 3 (37

i=1 i=1

These equations, together with (36), have to be solved for achieving a fourth-order
integrator. When the symmetry (33), (34) is incorporated, the composition (35) requires at
least five stages. In practice, efficient standard splitting methods involve a larger number of
stages.

In table 2 we collect the coefficients for the splitting method GS¢-4 for general separable
problems, formed from the 6-stage (m = 7) fourth-order symmetric integrator S of [6] (the
role of A and B is interchanged for convenience in the presentation). When [8;, 8;, B, o] = 0
we have the scheme MNg-4, built from the Runge—Kutta—Nystréom (RKN) method SRKN'g of
[6]. Both time-symmetric integrators have the BAB structure

ebnﬁl"—blzﬁz ednartanay eb21ﬂ1+1722,52 . ebzlﬂl—bzzﬂz edna—ane ebllﬂl—blzﬁz

and the solutions collected in table 2 minimize the value of ), |a;»| and ), |bi2|.
Particularizing to this case the linear relations (30) and (31) with the fourth-order Gaussian
quadrature G, one has

2 2
Ai=nYy (AR QZY) A, Bi=h) (B"?R?QG?),B;.
j=1

Jj=1
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Table 3. Splitting methods of order 6 for separable non-autonomous systems. GSj9-6 is intended
for general separable problems, whereas MN;-6 is a Runge—Kutta—Nystrom method. With the
coefficients a;;, b;; the matrices Am3)  Bm.3) can be formed.

Order 6; GS1p-4 Type ABA

ayp = 0.050262 764 4003922
b1 = 0.148 816447901 042
az1 = 0.413514 300428 344
by = —0.132385865767 784
a3 = 0.045079 8897943977
b3 = 0.067 307 604 692 185

ajp = 0.022059009 674017 884
b1y =0.063251931408 109 57
az = 0.036390 872638341 54
by = —0.056422 058 443 5047
—0.029722051 174027 396
b3y = 0.030997 085 102 486 225

N}
o3
]

Il

a3 = —0.000326 878 764 898 432
b1z = 0.031560294 84304291

a3 = 0.05639771119273678

b3 = 0.000 047 137 581 655 448 68
a3z = 0.003 260304 139 1350658
b33 = 0.001271 609 241 968 303

ag; = —0.188054 853 819 569 ag = 0.073160955527 11696 asgz = —0.008

ba1 = 0.432666402578 175 bsy = 0.086 709 890 573 243 bsz = 0.012967 625

as; = 0.541960 678 450 780 as) = —0.108253 175473 054 82 as3 =0

b51 :1/2—(b11+~~~+b41) b52:0 b53:—0.00418

aeg] = 1—2(&11 +--~+a51) ae =0 ag3 = —0.019328939800613 495
Order 6; MN|;-6 Type BAB

b11 = 0.041464998 518 2624 b1, =0.020732500 126731 092 b13 = 0.013 608 659 602613 978

ayp = 0.123229775946271
by =0.198 128671918 067
apy; = 0.290553 797799 558
b3 = —0.040006 192 104 1533
az; = —0.127049212 625417
b4 = 0.075253984 301 5807
aq1 = —0.246331761 062075
bs; = —0.0115113874206879
as; = 0.357208 872795928
ber = 1/2 — (by1 + -+ +bs1)
ag1 =1—2(an +---+asy)

app = 0.054022093 644 12427

by = 0.074 648981 67304031

ay = 0.067261231874 63062

b3, = —0.003 449 190795776 1338
az = —0.019024 419473703036
bar = 0.016049 08927951054

agp = —0.082873 82942385146
bsp; = —0.005290 603 565 049 2796
as; = 0.10037320724578758

ber = 0.024232288 421 382 347
ag =0

a3 = 0.026 164309515298 998
b3 = 0.017 248 381 524 744 054
a3 = 0.025979253037 549735
b3z = 0.002426 311565063 8677
a3 = —0.011223 011 806 468 85
byz = 0.008 383313 974244766

agz =0
bs3 =0
a53:0
bez =0

ag3 = 0.001492231840573 5352

which results finally in

(Eail — \/gaiz)hAl + (%ail + «/gaiz)hAz

A; 1

- (38)
B,' = (%b,’] — \/§b,‘2)h31 + (%bn + \/gbiz)th.

For future reference, note that e can be seen as the solution of the initial value problem
x' = Ajx,x(0) = I att = h, where A; = hA;. Of course, the same considerations apply to

eli.

3.2. Sixth-order methods

In the general separable case, our standard splitting method is the symmetric composition Sjo
with ten stages (m = 11) given in [6]. Therefore, the final scheme has the ABA form

anaitapartaias Qbufitbufrtbizfs | obufi=bifrtbisfs ganici—anartaa;

e
We can distinguish two different situations.

o Only the conditions [o;, o] = [B;, B;j] = 0 fori # j are imposed. There are 22 order
conditions for the 21 parameters a;;, b;j, i > 1, whose structure admits in fact several
solutions. With one of them we build the method GS;¢-6 of table 3.
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e Suppose that, in addition, A in (13) is constant, so that ¢; = O for i > 1. One possible
solution in this case corresponds to the set of coefficients of GS;o-6, but now with
aip = a3 = 0,i = 1,...,6. This solution stays very close to the solution which
minimizes the sum of the absolute values of the coefficients, and shows very similar
results in the numerical examples.

If, finally, [B;, B;, Bk, 2] = 0 holds, we choose as the starting splitting scheme the 11-
stage (m = 12) symmetric RKN method SRKN?, of [6]. Now there are 20 order conditions
and 23 parameters. A possible solution is shown in table 3, and thus the method MN/;-6

eb11ﬁ1+b12ﬂ2+b1353 ednaitanemtaids | o010 —and+a;es ebnﬂl —bifotbi3 B3

is formed.
For the practical application of these methods, we use the linear relations (30) and (31)
with a Gauss—Legendre quadrature rule, so that s = k = 3. As a result we have

3 3
Ai ZhA, = thi_iAja B,’ = hé, = hZO’,‘ij (39)
j=1 j=1

with p;;, o;; the elements of
R(m,S) = A(m,3)R(3) Qg,.g)’ S(m,3) = B(m,3)R(3) Q(gﬂ)’

respectively. Expressions (39) are still valid (with different values of p;;, 0;;) if other
quadrature rules are used instead.

4. Methods for separable nonlinear systems

As a matter of fact, the previous treatment can be easily generalized to the nonlinear
equation (3) and the new splitting methods constructed in section 3 can be applied in this
setting with only minor modifications.

If ¢, denotes the exact flow of the differential equation x" = f(x, 1), i.e., x(t) = ¢,(xp),
then for each infinitely differentiable map g : RY — R, g(¢: (v)) admits the representation

g (y)) = @:[g1(y),
where @, satisfies formally the time-dependent operator equation [5]:

d
Eq)t = q),Lf(yJ), Yy = Xp. (40)

Here L ¢(, s is the Lie operator associated with f, acting on differentiable functions. Just as
for (13), we can now use the Magnus expansion to obtain the formal solution of (40):

P, = eXp(Lw(xo,z)), (41)

with w = ), w;. The first two terms read explicitly

wi (xo, 1) =/ f(xo, 5)ds,
o (42)

1 t 51
Wi, 1) = —3 / ds, f dsa(f (xos 51), f (xos $2)),

where the symbol ( f, g) stands for the Lie bracket [1 chapter 8],
d

0g; af;
(fgi=Y (f,»gg/ - g,»gfj) . (43)

J=1
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The object exp(Lyx,.1)) is called the Lie transform associated with w. When f does not
depend explicitly on time, ®; is given simply by ®;, = exp(tL ). It verifies the following
important property: if (pt[] lis the flow of a differential equation y' = fU!l(y), then it is true that
[10, p 84]

g((p[[ll] o (pr[zz] 0-+-0 (pt[n”](y)) = exp(ty L gm) - - - exp(taL g1) exp(t1 L p)[g](y). (44)

In other words, the Lie transforms appear in the reverse order as their corresponding maps.
This also manifests itself in (40), where the linear operator L / is on the right side of ®,.
We analyse now the separable problem (3). Let us define similarly to the linear case

R 9! A (k. 1 B 9l 1Bl (x,. 1
o= — LS B /0. D) (45)
@—-1n! ati— t=tiz @—1! ati— t=tiz
and the corresponding integrals
h h
. 1 I . 1 2,

AD = h_/ % (xo, t +112) dt, BY = h—/ 11 8 (xo, t +112) dt. (46)

! h ! U

_h 4

Then, from the previous considerations, it is clear that the composition (26) corresponds now
to

1
Wi =T exp (Ls,)exp (Ls) = exp(Ly) + Oh*Y), (47)

where A;(xo), B;(xo) are given by (27) or (28) with exactly the same coefficients a;;, b;;.
Observe that, due to property (44), the exponentials are disposed in the reverse order. When
«;, Bi are expressed in terms of A, B® and these integrals are approximated with quadrature
rules we have

k
Ai(xo) =h Y (R™Py;; fH(xo, 7))
=1
" (48)
Bi(xo) = h Y _(S™R)i; f¥ (x0. 7)),
=1
where the matrices R and S™% are given by (31) and t; = 1 + c;h.
To evaluate the Lie transforms exp (L, () and exp (L3, () is equivalent to compute
the h-flow of the autonomous differential equations

1 - ~
x' = EAi(X) = A;(x) x(to) = Xo
k i=1,...,m, (49)
x’=zﬁ,~(x)zl§,~(x) x(t()):Xo
respectively. Let us denote these h-flows by go,[lAi], @;[,éi]- Then, according to property (44),
there exists a map

A é Am BIIY
U= g o gt o g, (50)
such that g(l//,[n"? }1 (y)) = \Illgf Jh[g](y). Note that the maps in (50) act in the same order as the
exponentials of matrices for the linear problem in (26).
In summary, the application of the integrators proposed here involves the following steps.

(i) Select a particular splitting method among those built in section 3 for linear non-
autonomous systems. This provides us with a set of coefficients a;;, b;; and a specific
distribution of exponentials in (26).
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(i1) For the separable nonlinear problem (3), compute the integrals AD(x), BO(x) according
to (46) or alternatively, choose a quadrature rule to approximate them to order p.

(iii) Compute A;(x), B;(x),i =1, ..., m, by (48).

(iv) Solve the autonomous nonlinear differential equations (49) and obtain go}[,A"], (p}lB i =
1,...,m.

(v) To get the approximate solution at ¢t = #y + &, apply the composition (50) on the initial
condition xy. The sequence of maps in 1/f,lnp L corresponds to the specific method selected
in step (i).

Next we illustrate this procedure on a simple example.

Example. Let us consider equation (3) with x = (xy, x;) € R? and

D = (wiOxix — wa)x1,0)

FP0, 1) = (0, w3(1)x2 — wa(t)x1x02).
Our goal is to apply to this particular problem the sixth-order splitting method GS;-6, whose
coefficients are given in table 3 (step (i)), with a Gauss—Legendre quadrature. In this case,

then, p = 6,s = k = 3. For the step tp > 9 + h, we evaluate first the time-dependent
functions w; (¢) at the quadrature nodes,

wij = wi(T)), 1<I<4, 1<j<3,

(G

which allows us to get f14(x, 7;), f18(x, 7;) (step (ii)). Next we compute the vector fields
A;, B; according to

-

Ay =hYy (A™IRYQGY), fM o, 7))

Jj=1

Bi(x)=hY (B"IRYQZY), 1 (x, 7)), 1<i<m=11.

-

1

J
It is then clear that

A; (x) = (Wy;x1%0 — Wax1, 0), B;(x) = (0, D3:x2 — Waix1x2)
with

@15 - W) = RA™IRD QS (wyy, wi, wiz)?, 1=1,2

@15+ W) = RB™IRD Q8 (wyy, win, wis)T, [ =3,4.

This completes step (iii). Now the solution of (49) is given by the maps (step (iv))
o (e, x0) = (x1 exp((@1ix2 — Wi)h), x2)
@21 (1, x2) = (x1, X2 exp((W3; — Waix1)h)), I<i<m=11

Finally, the application of scheme (50) for GS;-6 and the time step ¢, = fy +nh > t,4; with
initial conditions x 9 = x1(#,), X2,0 = X2(¢,) can be formulated by the algorithm (step (v))

doi=1m
X2 = x2,i—1 €XP(A(W3 mr1—i — Wame1-iX1,i—1)) 52)
x1,i = X1,i—1 eXp(h (W1, mr1—iX2,i — W2, m+1—i))-

enddo

Note that in (50) the maps are computed from the right to the left and the algorithm can be
written as an m — 1 = 10 stage method because of the symmetry (33) and the FSAL property.
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For comparison, we include next the corresponding algorithm for the standard
composition (2) and the splitting (4) based on the same coefficients a;1, b;; of GSjp-6. In
this case two additional initial conditions are required, x;1.0 = #,, X;2.0 = I:

doi=1m
X, = x2,i—1 €XP(Mbpy1—i 1 (W3 (xs1,-1) — walXer,i—1)X1,i-1))
X120 = Xp2,i—1 + Mbyi1—i 1

(53)
x1,i = X1,i—1 €Xp(happ1—i1 (W1 (X2,)X2,; — Wa(X12,:)))
X1 = Xp1,i—1 + Namei—i 1.
enddo

Observe that in algorithm (53) each function wy(¢) is evaluated m times per step.

If the values of the functions wy(#) are known only at certain points (e.g. they are
the solutions of other equations) it suffices for the first algorithm to choose an appropriate
quadrature rule which considers the known points while for the second algorithm it is necessary
to interpolate their values, with sufficient accuracy, at the points required by the algorithm.

5. Numerical examples

After discussing the practical implementation of the new splitting methods proposed in this
work, it is time now to illustrate their performance and long-term behaviour on a pair of
examples.

5.1. The Lotka—Volterra model
As 1s well known, the autonomous Lotka—Volterra model
xp = x(wixy — wy), Xy = X2 (W3 — wyxy), (54)

with wy, wy, w3, wy > 0 has periodic trajectories in the region 0 < xp, xp, around
the point (x1, x3) = (w3/w4, wa/wi), and also possesses the first integral 7 (xi,xp) =
In (x;”“x;”z) — (w4x1 + wixp). The vector field f(xy, x2) = (x1(wix2 — wa), X2 (W3 — waxy)) is
separable in two solvable parts, i.e. FA = (1 (wixa —w,), 0) and 1B = (0, xp (w3 —wax1)).
If one considers the transformation ¢ = In(x;), p = In(x3), in the new variables the system
is Hamiltonian with H (g, p) = (w3q — w4e?) + (wop — wye?), which is also separable. In
fact, both splittings are equivalent. In consequence, symplectic splitting methods for separable
problems are suitable to numerically integrate this problem. Since neither the momenta part
nor the coordinate part are quadratic, Nystrom methods are not recommended [20]. The
numerical solutions obtained by splitting symplectic integrators are also periodic trajectories
of a perturbed Hamiltonian system, and their error grows more slowly than, in general, with
non-symplectic methods.

Equations (54) are frequently used to describe the population of two species x;(¢) (the
number of predators) and x; (¢) (the number of preys). External interactions (with other species,
weather influence, etc) can be introduced in this model by taking time-dependent functions
w;(t) in (54). Then we obtain precisely the example analysed in the previous section, with

F(x, t) and fIBl(x,t) given by (51). In particular, we may consider periodic functions
wi(t) = 1+ ¢ecos(2r) ws3(t) = 1+ ¢esin(t) 55)
wo (1) = 2+ ecos(t) w4(t) = 1 +esin(21).

When ¢ = 0 the autonomous problem (54) is recovered. For |¢| < 1, the trajectories
stay in bounded regions of phase space. Since the perturbation is periodic, we may
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Figure 2. Poincaré map at t = 2kw,k = 0,1, ...,20000 for the Lotka—Volterra model and
time-dependent functions given in (55).
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Figure 3. Efficiency curves for different splitting methods in the numerical integration of the
Lotka—Volterra model with time-dependent functions (55) and ¢ = 0.059. For the new methods
GSe-4 and GS0-6 we consider as the cost both the number of stages (right curves) and the number
of time-dependent function evaluations (left curves).
compute the Poincaré map at times t = 2kmw, k = 0, 1,2, .... We take as initial conditions

(x1,0, X2,0) = (1, 1) and different values of ¢ up to ¢ &~ 0.06, where the trajectories are
unbounded. In figure 2 we show the Poincaré map for ¢ = 0 (closed trajectory) and for
& = 0.059 with 20 000 points, i.e. at t = 2kw, 0 < k < 20000. The numerical computation
is carried out with the sixth-order standard splitting method S;( (applied to (4)) and the new
scheme GS¢-6. For this particular case the computational cost of S is nearly twice as costly
as GS¢-6, although this estimate obviously depends on the cost of the choice of the functions
wy (¢) of the model.

Next, for the case ¢ = 0.059 we plot in figure 3 the work-accuracy curves obtained by
different symplectic splitting methods, including the new integrators designed in this paper.
To do that, we measure the average error in phase space att = 2k, 0 < k < 100, for different
step sizes h.

In the numerical experiments, for the splitting (4) we take as the work per step the number
of stages of the method, which, in general, corresponds to the number of evaluations of each
w;(t). We show the results for GS4¢-4 and GSo-6 considering as the work per step the two
extreme cases: (i) the cost is given by the number of stages (the solutions are very similar to
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Figure 4. Same as figure 1(b), but including the results for the new sixth-order method for Nystrom
methods, MN-6.

those obtained with the splitting (4) and taking a; = a; 1, b; = b; 1, which have not been plotted
for clarity), and (ii) the cost is given by the number of time-dependent function evaluations
(lines with squares and diamonds, respectively). Depending on the problem (the cost of the
time-dependent functions and the cost of the map) the actual work-accuracy curves should
stay between them. The results are compared with the scheme SS|78 and the symmetric—
symmetric five-stage fourth-order, SSs4 due to Suzuki [22] (the curve obtained by scheme
SSy6 stay between them).

5.2. The Duffing oscillator

As our second example, we consider again the one-dimensional Duffing oscillator (6). We
repeat the experiment shown in figure 1(b), but now including the new method results MN -6,
whose coefficients are collected in table 3.

The corresponding results are shown in figure 4. As before, for the new method we take
as its computational cost the two extreme cases previously enumerated. Observe that even
in the least favourable situation the asymptotic behaviour of the scheme MNy-6 corresponds
to a sixth-order method, as it should be. For this particular problem the fourth-order method
MNg-4 exhibits a lower performance than MN (-6 for the whole range of accuracy shown in
the figure, and so the corresponding curves have been omitted.

6. Conclusions and outlook

In this work, we have shown how to adapt splitting methods for autonomous separable
systems to the more general case of explicitly time-dependent vector fields. The resulting new
integration schemes are more efficient than standard methods applied to the enlarged system
(4) on the numerical examples considered.

As a matter of fact, these methods can also be used on more relevant problems. Just as an
example, note that the non-autonomous Duffing oscillator (6) can be written as

q" = —€eq' +q — q> + 8 cos(wr). (56)

Thus one expects that the relative efficiency of the different integration methods analysed here
should not change when applied to the more general problem

q" =AWq + f(q.1) qo=4q(ty) eR (57)
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with A € R, This system describes, in particular, a system of coupled Duffing oscillators
[19]. It is separable as

d v 0

i o = Laionl * Lo} o9
Equivalently, one can also write

¢=MoOp  p=-MDflg.0 (59)
with p = M~'q’ and M(t) being the solution of the linear equation M’ = A(t)M. If
f(g,t) = —V,V(q,1) this second system of equations is nearly Hamiltonian. Both systems

are separable in exactly solvable parts for the autonomous case (e.g. if time is frozen), and
RKN methods can be used for their numerical integration.

It is worth mentioning that on the numerical examples shown in this work, the cost
of the time-dependent functions is significant. However, there are some other important
problems where this is not the case, as occurs, for example, in the numerical integration of
the Schrddinger equation using Fourier methods. This problem is separable and the cost of
the splitting methods is dominated by the number of stages because this number coincides
with the number of Fourier transforms required by the method. In [8], splitting methods
tailored for the autonomous problem of order p = m with m = 4,6, 8, 10, 12 (the number
of stages per step) are given. Their performance on the autonomous Schrédinger equation is
superior to other splitting methods of similar order. However, if these methods are used for the
non-autonomous problem (e.g. with a time-dependent potential) the order of all these methods
reduces to p = 3 making them useless. It is then noticeable to mention that the Magnus
technique proposed in this work can also be used to recover the order these methods have for
the autonomous problem. The Lie algebra has additional simplifications but the schemes in
[8] are not symmetric so, in practice, we expect it is possible to build methods up to order 6
or 8 but, as mentioned, we can use the coefficients a; i, b; | of a higher order method.

Another interesting problem corresponds to the near-integrable system, x’ = f41(x, ¢) +
ef'Bl(x, t) with ||e]] <« 1. For the autonomous case, a number of highly efficient splitting
methods can be found in [16]. If we consider the enlarged system (4) then both parts of the
vector field are O(1) and the performance of these methods can be strongly reduced. The same
procedure shown in this paper can also be used to build methods for this problem but taking
into account a bi-graded Lie algebra in terms of powers of & and ¢. Then, these constitute
interesting problems to be analysed in the future.
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