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A first example

Focusing Schrodinger equation on R

iOru(x, t) = —Au(x, t) — |u(x, t)[2u(x, t)

o A =02
@ Preservation of the L2 norm Hu(t)”i2 = ||u(0)||i2 :
@ Preservation of the energy

Hu) = [ 10000 = 3lu() *dx = T(u) + P(w)

@ Splitting schemes : For small 7,

H=0Tp =T odp, = of(u°) = (¢7 0 dp)"(uO).



Solitary waves

i0eu(t,x) = —Ocu(t, x)—|u(t,x)Pu(t,x), u(0,x)=u’(x), x€eR.

e Family of solutions (solitary waves)

u(t,x) = p(x—ct—xp) exp(i (; (x—ct—x0)+00)) exp(i (a+1c )t)

a, ¢, xo and 0 are real parameters,

(x) V?2a
X)= ———.
P cosh(+/ax)
@ Stable solitons (orbital stability)
@ Very particular solution :

V2elt

u(t,x) =

cosh(x)’



Solitary waves

@ Space discretization : large window [—7/L, /L] (L small).
Fourier pseudo spectral methods with K equidistant points.

o First case : Splitting method.

R ALY

e K =256, L =0.11. Courant-Friedrichs-Lewy number :

ofl = TL2<§>2.

o 7=0.1(cfl = 19.8),
o 7=0.05 (cfl = 9.9),
o 7=0.01 (cfl = 1.9).



Solitary waves

Evolution of the energy

Hw.7) = [ 10060 = 3lux)*dx

Energy
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o 7 =0.1 (cfl =19.8) : Energy drift
o 7 =0.05 (cfl =9.9) : Energy drift
o 7 =0.01 (cfl = 1.9) : No drift.



Solitary waves

Profile of the solution : |u"(x)|
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e cfl = 19.8 at time t = 300 (left)
e cfl = 1.9 at time t = 10000 (right)



Solitary waves

Plot of the Fourier coefficients |t (t)|? for k € Z in log scale.
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First case : cfl = 1.9



Solitary waves

Plot of the Fourier coefficients |, (t)|? for k € Z in log scale.
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Second case : cfl = 19.8. Leak of energy in the high modes.



Solitary waves

Same computation with the implicit-explicit integrator :
f= 67 p = R(iTA) 0 6
with 1+ iTA/2
R(iTA) = 1= a2
Midpoint rule applied to the free Schrodinger equation

un—s—l 4 un>

0w = —Au = u" =" 4 fTA( 5

We use cfl = 19.8.



Solitary waves

Log10 of the actions

No energy drift, preservation of the regularity, even with cfl = 19.8.

How to explain this?



Convergence of splitting methods

NLS on the d-dimensional torus with polynomial nonlinearity .
i0tu = Au+ 0P (u, 0) (H=T+P)

o Wiener algebra :

u=3 e, = 3 Kl

c€zd kezd

e Fully discrete solution (Fy Discrete Fourier transform)

uomt = Fit o ¢ o Fic o ¢p(u'")

s>2. Ifu(t) € i, fort € (0,t,). * = £§

lu(nr) = o™, < C(r + KT2).




Finite dimensional situation

Hamiltonian ODE : H: RY — R,

J = Xuly) = S IVH(y), = ((1’ ‘01)

o L the Lie derivative :
LyG = %G o ph(y) = (VH)TIVG
= {H,G}

e Exact flow : ¢k, (y) = exp(tLy)[ld](y) = y + tXu(y) + - -
@ Numerical approximation :

O (y) =y +7Xu(y)+---
@ BEA problem : Can we "take the Log", and write
®7(y) = exp(7Ly, )[Id](y) + very small.



Finite dimensional situation

Hypothesis :
e &7 symplectic method (Midpoint, splitting,...)
@ The numerical trajectory remains bounded : for all T,

Ynr1 = ®"(yn), {valneN} CK

e H analytic (over K).
Then there exists H, = H+ 7Hy + 72Hy + - - -,
®7(y) = exp(TLy, )[ld](y) + O(exp(—1/(c7)))
Benettin & Giorgilli [94], Hairer & Lubich [97], Reich [99], ...

@ c : eigenvalues of V?H over K.

e Corollary : H; (and hence H) is preserved over exponentially
long time, KAM, stability, etc...



Origin : Hamiltonian interpolation




Origin : Hamiltonian interpolation

Jiirgen Moser (Konigsberg 1928, Ziirich 1999)

1968 : A discrete sympletic map close to the identity can be
interpolated by a Hamiltonian flow



Origin : Hamiltonian interpolation

Jiirgen Moser (Konigsberg 1928, Ziirich 1999)

1968 : A discrete sympletic map close to the identity can be
interpolated by a Hamiltonian flow
1994-99 : Application to symplectic integrators for ODEs



Origin : Hamiltonian interpolation

Jiirgen Moser (Konigsberg 1928, Ziirich 1999)

1968 : A discrete sympletic map close to the identity can be
interpolated by a Hamiltonian flow

1994-99 : Application to symplectic integrators for ODEs
Today : Try to apply Moser’s idea to Hamiltonian PDEs



The case of splitting methods

@ H= H; + H> . Numerical method : ™ = IT-I1 o</>,T_,2 :

@ In this situation
7 = exp(7Lu,) o exp(TLH,)

= exp(7Ly,) + very small

with Hy = Hy + Hp + 37{H1, Ho} + - --
Baker-Campbell-Hausdorff formula.
@ Analytic estimates : After a truncation at the order N, we have

very small = (CTN)"  over the compact K

and we take N =1/(Cre).



Problem in infinite dimension

© H=H; +Hy NLS: Hy = —A and H, = |u|?u .

@ In this situation
O7 = exp(TLp,) o exp(7Lh,)
= exp(7Lpy,) + defect in L2
After truncation at the order N :

(defect in [?) = TNCN(HyHHN)

@ Hypothesis : y, remains bounded in all the H*® and all time?7?
not fair and false in general (resonances, CFL required, etc...).



Linear Schrodinger equation

o Consider the linear Schrodinger equation on the torus

Oru(t,x) = —iAu(t,x) + iV(x)u(t,x), wu(0,x) = up(x).

o xecTd A= Zd (‘92
e V(x) € R potential function.

o Conservation of the L2 norm and of the energy

H(u) = ;/Td [IVu( + Vx)u(x)?]dx.

e Exact solution : u(t) = exp(it(—A + V))ug



Splitting schemes

e Standard splitting
u™ = exp(—iTA) exp(iTV)u"

@ Order 1 scheme (Jahnke & Lubich, 2000) if u" remains
smooth.

@ Mid-split scheme :
u™ = R(—itA) exp(iTV)u"

where

R(z) = 1 i_ Z; ~ exp(z)



Implicit-explicit integrators

@ We have L4
ix :
T = exp(2i arctan(x)).
1—itA/2
R(—iTA) = 1+:77:A?2 = exp(2iarctan(—7A/2)) =: exp(iAop).

e New approach : find Z(t) such that for a fixed T,
Vit <1, exp(itV)exp(iAo) = exp(iZ(t))

and then make t = 7.
e First remark : Z(0) = Ap depends on 7.
@ Taking the derivative in t yields

iV exp(itV) exp(io) = i(d expiz(y) Z'(t))



Implicit-explicit integrators

e Z(t) has to satisfy the equation

Z'(t) =(d exp,-Z(t)) exp(—iZ(t))V = Z adz)(

n>0

o ada(B) = [A, B] = AB — BA.

o0

) B X
e B, Bernoulli numbers. g ZOxn — .
n! ex—1
n=0

@ Expansion :
Z(t)=Ao+tZ1+---
then A
-
Ap = —2arctan (—
0 arctan ( 5 )
In Fourier : Diagonal operator with coefficients

k2
(AO)kk = 2arctan (T‘ ‘

), kezd



Implicit-explicit integrators

Second term :

A = (Axe)k seze operator acting on Fourier coefficients

HAHQ = sup |Axe| (1 + |k — E\a).
k.0
We have
IAB||, < GullAl 1B, -

Operator associated with V : Vi = \A/k_g.
V € H* implies ||V < oo.



Implicit-explicit integrators

We have for oo > 0

lada, BI[, < l[BIl,,

Proof : Ap is diagonal.

(ada,W),, = ((Ao)ik — (Ao)ee) Wi,
= (2arctan(7|k|?/2) — 2arctan(7|¢[?/2)) Wi

and

2 arctan(r|k|?/2) — 2arctan(r|¢?/2)| < .
This lemma is false for the exact splitting without CFL
In this case Ag = 7A and

(ada, W) ., = T(1kI* = [€]°) Wiy...



Implicit-explicit integrators

@ Second term : Infinite series

B ko an

7 => —pi*adg, (V).
n>0 ’
o We have B,
n
1zl < VI, D T < oo

n>0 ’
@ Radius of convergence of the Bernoulli power series : 27 !'l
@ In terms of coefficients

(Z1)ke = sze T = M)

xp(i( Ak — Ae)) — 1

o Mid-split integrators : A\, = 2arctan(r|k|2/2).
o Exact splitting with CFL : A\ = 7]k|? < 7.

Control of the small divisors exp(i(Ax — A¢)) — 1.



Implicit-explicit integrators

By induction, we define the terms Z; in the formal series

All the Z, are symmetric operators.

Analytic estimates :

1, < (civi, )’

The series Z(t) = 3,5 t¢Z, converges for

-1
t<t~|V], -

o R(—itA)exp(itV) = exp(iZ(t)). No remainder term.



Modified energy

Theorem (Debussche & Faou 2008)

There exists a symmetric operator S(7) such that for all T <
R(—iTA) exp(iTV) = exp(iTS(7))

Moreover 5
S(7) = = arctan(—7A/2) + V(1)
T

V(7) modified potential
(u|S(7)|u) invariant of the numerical scheme
No residual term.

Backward error analysis result.

@ Same result for standard splitting with CFL.



Modified energy

S(r) = %arctan(—7A/2) + V(1)

@ We have for the numerical solution u" :

(u"|S(r)|u") = (u’]S(7)|u®)

B €0,1].

2
[{ulS(T)|u) — (u] = A+ V]u)| < CT7)lull s -

e Proof : |arctan(x) — x| < x3/3...



Long time bounds

S(r) = %arctan(—TA/Z) + V(1)

Control of the H' norm for low modes and L? norm for high
modes .

for all n we have

1 2
> !k\2!UZ!2+; > [ugP < Goll e -
|k|<1//T |k|>1/v/T

o Fully discrete system : aliasing problems

@ Under CFL conditions : H! bounds of the solution
independent on K.



Cubic nonlinear Schrodinger equation

00t = —Au+ |uPu = gf’( )

Wave function u(t,x) € C, x € T?.

e Hamiltonian
_ >, 1
H(u, 1) = (IVUI 5lul*)dx
o Decomposition u = >, a4 tge™,

H(u,o) = T(u,0)+ P(u,q)

1 S
= Z‘k|2”uk|2+§ Z Uy Uy Upy Ug, -

kEZd k1+k27E17£2:0



Cubic nonlinear Schrodinger equation

@ Hamiltonian system : for all k € 74,

g = —iaal_':l( (u, ),

. L2 . —
U = —ilk|“ug — i Z Uy Ugy Uy -
k=ki—l1+ko



Splitting methods

@ Hamiltonian H = T + P . Splitting methods :
" =¢po (bi\o
o Filtered operator Ag = (3(T7A) with eigenvalues
A = B(r|k?), Kk ez?

e Convergent scheme for smooth solutions : G(x) ~ x + o(x)

Method B(x)
Splitting + CFL B(x) = x1x<c(x)
Mid-split B(x) = 2arctan(x/2)
Mid-split + CFL B(x) = 2arctan(x/2)1x<c(x)
New scheme B(x) = P arctan(t7Px), B €(0,1)




Modified energy

As in the linear case, we look for a (polynomial) Hamiltonian Z(t)
such that

Vte(0,7) ¢podp, = ¢12(t)
Equation :
Br .,
Z'(t) = —radiy)(P).
n>0

where this time

0K 0G 0K 0G
adk(G) = {K,G} =i ) Ou Oty Oty Dug

kezd

Formal series : Z(t) = Ay + tZy + t?Zo + - -~



Modified energy

Cubic NLS :

P = E Uy Up, Up, Uy,
ki+ky—01—0>=0

First term in the expansion :
Zy = E g adA0 Uj, Uk, Uy, Tg,)
kitko—01—=0 k=0
Action of Ag = >, Ai|uk/?
{Ao, Uk Uk, T, T, } = iQ( k1, k2, €1, €2) Uk Uk, Ue, Ue,

where

Q(kl/ k27ﬁ1/£2) = )\kl + )\k2 - )\El - )\EQ



Modified energy

Convergence : Q(ki, ka, 01, 02) < 2.

[ee] B ) i
a= Z ( Tfﬂ(kl’ k2’€1752)k) Ujy Uy Uy, Uy,
ki+ko—01—0=0 \k=0

@ Splitting : with CFL
|Q(ky, ko, 01, 02)| = |7|ki|?+7|ko|? = 7|01 ]2 = T|€2]?] < 2¢ < 27

@ Midpoint : always satisfied
1Q(ky, k2, €1, £2)| = |2 arctan(7|ki|?/2) 4 2 arctan(7|k2|?/2)
— 2arctan(7]¢1)?/2) — 2arctan(r|¢2|?/2))| < 27
@ New scheme : no problem )\, = /7 arctan(+/7|k|?) < m\/7/2
= |Q(ky, ko, (1, 02)| < 2m\/T < 27



Modified energy

First term (cubic NLS) :

iQki, ko, 1, 42)

Z]. - Z <eiﬂ(k1,k2,£1,€2) o 1) ukluk2u£1 u€2
ki+ko—01—£€>=0

@ Z; : Control of the small denominator at the order 4.
e /5 : defined similarly, but of degree 6.

@ By induction : Z, sum of monomials vy, - - - ug, Uy, - - - tg,, with
2p=2n+2

Q(k7£):)‘k1+"'+)\k,,—)\él _”'_)\Kp
Solution of the recursive equations : as long as

1Q(k, £)| < 27



Solution of the recursive equations

Theorem

Assume
1Q(k, £)| < 27.

for multiindex of size 2p < r. Then forn < N :=r/2 —1 we can
define polynomials Z,, of degrees 2n + 2 solving the formal
problem, and such that forn < N,

12l < (Cn)"

@ Norm on polynomials : sup of the coefficients.

o Key lemma :

[{P, QI < 2nml|P[| | Q|
if P is of degree n, and @ of degree m.



Polynomial Hamiltonian

o Function space : Wiener algebra ¢*.

lully =D fud.

kezd

e For a homogeneous polynomial of degree n, ||P|| = sup of the
coefficients

[P()] <[Pl lully s and  [1Xp(u)ll,x < 20l[PI| [[ull, -

@ The Hamiltonian ZN := Ag + tZ; + - - -tV Zy acts on £1.
We can derive estimates on the flow of the modified energy.

@ Possible extension to /% : ull , == Y kezd |k ukl -
s



Modified flow

Theorem (Faou & Grébert 2009)

There exists a real Hamiltonian polynomial H; such that for all
ue BM:{UE€1|||U||€1 < M}, we have

165 © 33y (1) = OF, ()l o < T"FH(CN)N.

A, 8) = 3 (e lk) >+

kezd

Z iQ(klakZaglagz)

eiQ(kl,kQ,fl,fz) -1
ki+ko—£1—¥>=0

U Ugy Tp, g, + O(T)

N given by the non resonance condition |Q(k, £)| < 27.
length(k, £) < r = 2N + 2.



Exponential estimates

@ N depends in general on a CFL condition.

@ In the case
B(x) = VT arctan(x/V/1)

we have
A = Vrarctan(VTlk[?). = |Q(k, £)] < rfg <n

for r~1/y/7 ~N.

There exists 19, such that for all T < 1g, and all u € By, we have

165 0 Gy (1) = ¢ (Wl 4 < Texp(—(70/7)*?).




CFL conditions

Splitting or implicit explicit method : CFL condition
For cubic NLS : cfl numbers

N+l x 2 arctan(x/2)

T2 3.14 00

73 2.10 3.46
T4 1.57 2.00
70 1.27 1.45
70 1.05 1.15
7 0.90 0.96
78 0.80 0.83
70 0.70 0.73
710 0.63 0.65




Preservation of the modified energy

Corollary

Let u® € ¢* and the sequence u™ defined by

{EC

u™ = §po gl (u"), n>0.
Assume that for all n, u™ € By C ¢* C L. Then

H.(u") = H.(u°) + O(7)

for nt < Cyt—N.




Long time bounds

In particular for the implicit-explicit integrator :
l 2 n|2
arctan(7|k|?)|ug|*.
-
kezd

is bounded over long time.

Corollary
Assume u® € H' and that u" remains bounded in ¢*. Then

1
D KPP +— Y lwP<C

|k|<T—1/2 |k|>7—1/2

over long time nt < Cyr—N.




Fully discrete solution

@ Pseudo spectral collocation method : aliasing problem.
o If u’" is the polynomial fully discrete solution : Bounds for

2 K,n|2 K,n| 2
S kPSP = (),

|k|<K=cT—1/2

@ In dimension 1 : Hu||€1 < lull ;-
Global existence of H! small solutions of NLS. Discrete
analog :

Theorem (dimension 1)

There exists ey such that if e < eg and HuK’OHH1 <'e, then
Vnr < Cyr N HuK"’HH1 < Ce

where C does not depend on K.




Extensions

Extensions
@ Polynomial nonlinearity of degree rp.
@ Nonlinear wave equations.

Open questions :

@ Other space discretization (FEM, sparse grids ?)
@ Validity for any symplectic RK method ?

@ Orbital stability of the numerical solitary wave ?
(in progress with Bambusi & Grébert)

@ Periodic solutions for the modified Hamiltonian ? KAM ?

Web Link :
http ://www.irisa.fr/ipso/perso/faou/ETH/ETH.html



