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1. Highly oscillatory wave problem

Highly oscillatory optical wave equations, such as the multidimensional paraxial Helmholtz equation, have
been used extensively in modeling propagation of the light from lens to the focal region in applications.
Numerical approximations of solutions of such equations contain crucial light information in focal regions
even when the f-number is small. However, it has been difficult to compute highly oscillatory numer-
ical solutions efficiently. This paper proposes two correlated splitting strategies for fast computations
of oscillatory wave solutions. Reinforced by an exponential transformation, the splitting schemes offer
straightforward and novel oscillation-free ways for solving underlying differential equations with accuracy

and stability.

For a slowly varying envelope approximation of the light beam propagation, consider the paraxial
Helmholtz equation,
JE 9°E  0J°E
0z 9 oy2’

where | = /-1, Kk = 27r//'L is the wave number, A is the wavelength, Z is the beam propagation

2iK

0<xy</{t z> 2, (1)

direction, Zg is the initial beam location, X,y are dimensional directions perpendicular to the light, £ is
a realistic boundary location indicator and E is the complex envelope of the wave function investigated.

Values of kK ~ 108,
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Since values of K can be extremely large in optical applications, the complex function U is highly oscil-
latory. Consequently, the effectively of the numerical solution via conventional finite difference schemes

has been extremely difficult to achieve since mesh step sizes cannot be unrealistically small.

Certain spectrum or boundary element methods may possess certain merits, the main challenge

pertains in balancing the algorithmic simplicity and accuracy.

Our new approach is based on

— Eikonal Equation - Fermat Principle - Hamilton-Jacobi Equations —
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Consider the wave disturbance function in geometrical optics,
E(X,Y,2) = u(x,y,z)e'®0¥2),
Set 0(X,Y, Z) = KV(X,Y,Z) and this leads to
E(X,Y,2) = u(x,y, z)e V2, )

Assume that U # 0 and substitute (2) into (1) to yield ray equations

u VALY, f
9z = a(8x2+8y2)+ : ©)
ov o J°u  9%u f
z (é?XZJré?yZ)jL & “)
where
azg b:—i f1:8u8v+8u8v f2:}<(9_")2 }(8_\/)2
2’ 2K2u’ IXIX dyody’ 2 \ Jx 2\dy/)

Note that solutions of (3), (4) are oscillation-free for large K.
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Denote
u fl 0 a
W= , = , M= :
\' f2 b O
then (3), (4) can be written as
Wz = MWyy + Mwyy + . (5)

Lemma 1 For fixed (X, Y, Z), M is similar to a skew symmetric matrix and thus its eigenvalues are pure

imaginary. Further, the spectral radius p(M) = 1/(2xk) and the condition number condo(M) = 1.

Initial condition:

W(X,¥:20) = Go(X,)- (6)
W(O> Ys Z) — W(& Ys Z) — 07 W(X7 07 Z) — W(X7 67 Z) =0. (7)

or
WX(O7 Ys Z) — WX(£7y7 Z) — 07 WY(X7 07 Z) — WY(X7€7 Z) - 07 (8)
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2. Exponential transformation based splitting methods (ETBSM)

Exponential transformation (2) based ADI semi-discretization

h h
+1/2 o z +1/2 Zer
w2 _w = > (MW;X +Mvv§,y)+—2f,
h h
1 12 Tz r+1/2 1 Zer+1/2
e (wax +Mw;;>+—2ff+/.

Similarly, we may consider the exponential transformation (2) based LOD semi-discretization

W2 W h_Z(MW;’(j(—l/Z_I_MVVrXX)_l_Efr’

2 2

h h
+1 W12 'z r+1/2 +1 "Zery1/2
Wt —w = 2(MWyy +Mvv§,y>+2f :

.Castellon 2010 — 22 P.

(9)

(10)

(11)
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Let

282, .0 _ ,.O o o 2¢2,.0 _ ,.O o o
hx 5x ws,t - a)s+1,t o 26Os,t + N 1t hy6y ws,t - ws,t+l o 20Os,'[ + ws,t—1°

We acquire

|. EXPONENTIAL TRANSFORMATION BASED ADI (ETBADI) SCHEME:

h h
Wr+1/2 Wgp = - Mg ( Wr+1/2‘|' 2VVg,t)+—z St

2 2
Wr+1/2 _ QMrH/z( +1/2+5y2 ) h; fé;rl/Z
2 )

s=12,..mt=12,. mr:QL“.

Il. EXPONENTIAL TRANSFORMATION BASED LOD (ETBLOD) SCHEME:

h h
Wi owh = ML (SAwETA oowl ) + S 1L

2 2
1/2 h 1/2 1/2 Nz re1/2
Wr+/ :EZMQI/( +/+5y2vvg) Zzsrt+/7

s=12,...mt=212....n,r=0,1,...
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As an illustration, let us consider the homogeneous Dirichlet boundary condition (7). Hence, we can

reformulate our schemes into matrix form:

[Il. ETBADI SCHEME:

(I —uMHW 2 = (|+nNr)wf+%fr, (13)
(l_nNr+1/2)er+1 _ (l+qu+1/2)er+1/2_|_h§Zfr+1/2’ (14)
r=0,1,...

V. ETBLOD SCHEME:

(I—uMHYW2 = (] +qu)W+%Zfr, (15)
(| _nNr+1/2) Wl — (| +77Nr+1/2) Wr+1/2_|_%fr+l/2’ (16)
r=0,1,...,

and U, M are dimensional Courant numbers.
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Here | € 2n? x 2n? is an identity matrix and
M® = diag(M{,M7,....M7),
o (02
[ —2mg; My
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(o) (e) (o)
Mz,  —2Mg; Mg,
() (o) ()
M3;  —2Mg3; Mg}
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and
(N7 Ng )
NS —2N$ NS
NT Ng  —2Ng N |
NG—l _ZNr?—l Nr?-—l
\ Ng  —2Ng
NP = diag (M{}, Mg, M)

j=12,...,n
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For the simplicity in discussions, we only consider the ETBADI scheme in following discussions. The

discussion of ETBLOD scheme is similar.

Lemma 2 Matrices M® and N© are similar.

Lemma 3 Eigenvalues of matrices M® and N are pure imaginary.

Further, Let €j denote the jth column of the identity matrix. Then

P = [91,937- . .,62n2_1,92,e47---7e2n2]

is a 2n2 x 2n? permutation matrix. Furthermore, we have

0 A
PTS°P = .
Ag O

where

Ao =diag(0fy,051, -, 051,002, 0nn), Ag =diag(Br1, B34, Br1, Bras -+ Ban)-
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Moreover, we observe that

L& 0 Ih&®L 0
PTT,P = " PTTP=| "
o) L& 0 In®L
where L = tridiag(1,—2,1) € R™",
Remark: i i
Ab]_]_ Ab]_2 e Ab]_m
Aby1 Abyp -+ Ab
A® anm _ 21 22 2m
i Abnl Abn2 Abnm ]

Therefore, we have

0 Ag(In®L ~

PTMP =PTS’TyP = a{lh®L) =M,

0 Ag(L®I _

PTIN°P=PTS TP = alL®ln) | _ g
AB(L®|n) 0]
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Part of the following discussions is contributed by W. Sun, University of Macau:

Lemma 4 We have

max ¢ 1 1
A =—=0(1), ||L 4=0(1), |A =—=0(—=5).
IAallz= "5 =0(1), Lz < 4= 0. [Aple = e =0 15

Lemma 5 The spectral radius of matrices M° and N© satisfy the following relations

p(M°). p(N°) =0 ).

K

Lemma 6 We have
N A 1
2 2
IM<[|2, [N HZ:O<_K2>'

The result is obviously much stronger than that in Lemma 5.
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Let
A% = (L2 — UMY " (12 + INO) = 12 + B, (17)

where U, 1M are reasonably small, and
B” = (Ip2 — UM®) " (NN + M), (18)

Then we can prove

Theorem 7 Further, the ETBADI scheme is oscillation-free and unconditionally asymptotically stable,
that is,

2 2
Ui+
|12, IB%l2=O( ~—%— ).
K

unconditionally.
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3. Optimized computational procedures

For ETBADI Scheme:

Arvr+1/2

ur+1/2

Br+1/2Vr+1

ur+1

where

A

Br+1/2

and Ug, Vo are initial values given by (6).
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1Dy Sp1 + 3,
[,LDarS/r+1/2+d)r,
nDbr+1/2T(Pr+1/2 ¢r+1/2
ND 12 TV T+ 6y
r=0,12,...,

r+1/2

| — 1*Dy Dar S
| — TIZDbr+1/2T Drv1/2T

Q. Sheng et al.

(19)
(20)
(21)

(22)
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For ETBLOD Scheme:

AVTYZ = uDy Sy + v, (23)

U2 — Dy SIY2 oyl (24)

|3r+1/.2V'“rl = nDbr+1/2Tll/;r>,+1/2+ ll/£+1/2, (25)

U = nDgu1e TV 4 WQH/Z, (26)
r=0,12,...,

where

h h
W = U+ DS+ 2P, y§ =V DS + 1

h h
yg = u"+uDaoTvG+§sz, v :v"+qucTuG+§zf§.
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4. Simulation experiments
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Figure 1: Simulated numerical solutions U(X,Y, Z150) and V(X,Y, Z150).
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Side projections of simulated numerical solutions U(X, Y, Z150) and V(X, Y, Z150)-

Figure 2
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We may convert Uand Vto E which is complex.
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Figure 3: Simulated real and imaginary parts of the solution E(X,Y, Z;50).
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Further,
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Figure 4:

Modules and its contour map of the solution E(X,Y, Zoo).

.Castellobn 2010 — 22 P.

Page 20



Exponentially transformed splitting methods... Q. Sheng et al.

References:

[1] Q. Sheng, S. Guha and L. Gonzalez, An exponential transformation based splitting method for fast

computations of highly oscillatory solutions, submitted, 2010.

[2] Q. Sheng, S. Guha and L. Gonzalez, On exponentially transformed decomposition methods for highly

oscillatory wave simulations, submitted, 2010.

[3] Q. Sheng and W. Sun, On the stability of an oscillation-free ADI method for highly oscillatory wave
equations, submitted, 2010.

.Castellon 2010 — 22 P. Page 21



Exponentially transformed splitting methods... Q. Sheng et al.

Thank you and have a wonderful Symposium
on Splitting Methods!
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